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— Solution 1 -

Exercise 1 (2 + 1 points)

Let T'S = (S, Act,—, I, AP, L) be a transition system. The relations ~,C S x S are inductively defined
by:

® S1 ~ S9 iff L(sl) = L(SQ).
® S1 ~p41 S2 iff:
= L(s1) = L(s2),
— for all s| € Post(s1) there exists s € Post(sy) with s| ~,, s,

— for all s}, € Post(sy) there exists s| € Post(s1) with s} ~,, s}.
Questions:

(i) Show that for finite T'S it holds that ~rs= 1,5 ~n, i€,

$1 ~7g 89 iff 81 ~,, 59 for alln >0
(ii) Does this also hold for infinite transition systems (provide a proof or a counterexample)?

Solution:

1 e have to show that ~pg= ~n. Let R, be the relation ~, (n > 0) an e ~rg. We claim
i) We h h h n>0 Let R, be the relati dRb We clai
that
SXSODRy DR 2R 2 DR DRiy1 2 ...

The case S x S D Ry is trivial due to the fact that for any two states s; and sy for which L(s1) #
L(s2) we have (s1,82) € S x S and (s1,s2) ¢ Ro. Now, we have to show that R; O R;;q for
any i > 0. We consider any two states s; and sy with two outgoing transitions s; — s| and
s9 — sh, respectively such that (s1,s2) € R; and (s}, s5) ¢ R; (note that it doesn’t contradict the
definition of R,). By using the definition of R;y1 we get that (s1,s2) ¢ R;+1, proving the fact that
R; O R;11. As the state space S is finite, it is easy to see that there exists a k < |S| such that
Ry, = Ri41 = Riy2 = ---. Using the relation R; 2 R;41 we can conclude that (,~, R, = Ri. As
Rj, = Ry, by the definition of Ry1 we get that Ry = R or ~ps= (1,0 ~n- B

(ii) Consider the following two transition systems 7'S and T'S’:

Obviously, Sy and S|, are not bisimilar because of the infinte path in 7'S". However, for each n > 0,
there is a path of length n in T'S which preserves the bisimilarity of Sy and Sj.



« infinite path

.
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(a) T'S: for each n, there is a path of length n in T'S. (b) T'S": extension of T'S by an infinite path.

Exercise 2 (3 points)

Which of the following transition systems are bisimulation equivalent? Justify your answers by either
providing a bisimulation relation or a CTLy formula that distinguishes the considered transition systems.
(Note: a CTL\y formula contains neither an U-operator nor one of its derived operators such as ¢ and

SiEEs

e Legend

TSl TSQ TSg TS/I

Solution:

For simplicity, we use s; ; to denote s; in T'S;, for j =1, ...,4.

o T'S3 4TS, TSy, TSy.
Intuitively, this is because T'S3 does not have a state labeled with {c} while T'Sy,T'Sy and T'S4 do.
A CTL formula that distinguishes T'S3 from T'S7, TS5 and T'Sy is the following:

P, =340¢
Then T'Ss rcorr ®1 but T'S1,TSe, TSy Ecrr 1.
o TS, 4TS,
A CTL formula that distinguishes T'S; from TS5 is the following:
P =303IO (an-Dd)

Then TS, F&CTL ®5 but T'Sy ):CTL Ps.

Using the definition of bisimulation, one can argue as follows:

Assume T'S| ~ T'S3. Then there exists a bisimulation relation R C 57 x S such that (s1,1,51,2) € R.
We have (s1,1,51,2) € R implies (s3 1, $3.2) € R. This cannot be true since we have s; o2 € Post(s32)
with L(s12) = {a} but there is no successor state t € Post(sg 1) such that L(t) = {a}.



o TS, 4TS,
A CTL formula that distinguishes T'S7 from TSy is the following:
O3=30IFO (an—bd)
Then T'S1 rorr 3 but T'Sy Ecorr Ps.

Using the definition of bisimulation, one can argue as follows:

Assume T'Sy ~ T'Sy. Then there exists a bisimulation relation R C Sj x Sy such that (s1,1,514) € R.
We have (s1.1,51,4) € R implies (s3.1, 554) € R. This cannot be true since we have sg 4 € Post(ss4)
with L(se4) = {a} but there is no successor state t € Post(s3 1) such that L(t) = {a}.

o TSy £ TS,
A CTL formula that distinguishes T'Ss from TSy is the following:

d,=3030 (aAb)
Then TSQ ):C’TL CI)4 but TS4 F&C’TL CI)4.

Using the definition of bisimulation, one can argue as follows:

Assume T'Sy ~ T'S,. Then there exists a bisimulation relation R C Sy x Sy such that (s12,514) € R.
We have (s12,514) € R implies (s32,524) € R. This cannot be true since we have s3 2 € Post(s32)
with L(s32) = {a,b} but there is no successor state t € Post(sg4) such that L(t) = {a,b}.

Exercise 3 (2 + 2 points)

Consider the transition system T'S over AP = {a,b} shown in the figure below:
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(a) Determine the bisimulation equivalence ~7g and depict the bisimulation quotient system 7'S/ ~.

(b) Provide CTL master formulae ®¢ for each bisimulation equivalence class C' € S/ ~.

Solution:

(a) It goes as follows:

The bisimulation equivalence ~7g is established as: 151} {s5}

{(s4,58), (84, 83), (54, 511), (9, 88), (89, 83), (59, 511) }"

U{(s2,510), (57, 510), (510, 512), (510, 513) }*

o
induced by ~ is defined CII/ ‘

The quotient

as TS5 = (S', Act’',—',I' AP, L"), whe-
re S" = {{s1},{s2},{s5},{s6},C1,C2} and
C1 = {53, 54, 88, 59, 511}, C2 = {57, 510, 512, 513}. The Ts6) t

quotient system is depicted by the right figure.



(b) The master formula for each bisimulation equivalence class is defined as:
@{51}:—!&/\—@/\3@3@(—!&/\—!()) (I){SQ}:(I/\HOCL
Proy =aA-DA-FOIO (maA=b) @y =aAbA=3FO (aAD)
Sy, =aNbATO (aNDb) Qc, =anN-bAN-TOa



