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Hand in on 9 July before the exercise class.

Exercise 1 (4 points)

Give the formal semantics of the following timed automaton TA by means of a transition system. That
is, formally define the components of the (infinite) transition system.

I d

y<1 x>1:ey T >2:ey y<1
y=1:e4 a y=2:e
reset(y) 7 y <2 reset(y)

b 0 0 ‘

y<1 y<2

Solution:
The semantic of TA is given by the transition system T'S(TA) = (S, Act, —, I, AP, L) where:

AP ={a,b,c,d,f} and Act = {e1, e, €3, €4, €40, €20}

S ={(a,tz,ty) | a € AP Aty t, € R>o}, where ¢, and t, are shorthands for the clock evaluation n
with n(x) = t, and n(y) = t,, respectively.

I ={(a,0,0)}.

e — is defined as (d’ represents the amount of delay):

(atorty) D5 (aty+d ty+d) forallt,>0,0<t,+d <2andd >0
(a,tz,ty) —5 (bt ty) for all £, > 0 and 0 < t, < 1

(ayte,ty) % {c by, ty) for all t, >0 and 1 < t, < 2

(byte.ty) L5 (bite+d t,+d) forallt,>0and 0<t,+d <1, withd >0
(byte,ty) 5 (f,t,,0) forall t, >0and t, =1

(£ to.t)) D5 (fty+d t,+d) forallt,>0and 0<t,+d <1, withd >0
(fte,ty) =% (a,0,t,) for all t, > 1 and 0 < ¢, <2

(e terty) 15 ety +d t,+d) forallt, >0and 0<t,+d <2 withd >0
(cyturty) 2 (d,tg,0) for all t, > 0 and t, = 2

(Aot ty) 25 (dite+d t,+d) forallty>0and 0<t,+d <1, withd >0
(dytg,ty) 2% (a,0,t,) for all t;, >2and 0 < ¢, <2



The set of reachable states in T'S(TA) is:

{(a, 0,0>} U {(b,tm,ty> | tx,ty € Rzo,o <t,= ty < 1} U
{ f,t;,;,0> | ty € Rzo,o <t, < 1}U{<f,tx,ty> | tx,ty € RZO’O <t, < ty < 1}U

{
{

Exercise 2

Consider the following two timed automata TA; and TA,.

y<4

reset(y)

Tz <4

reset(x)

(a)

y<4

reset(x)

r <4

reset(y)

(b)

(
(a,0,ty) | ty € R>0,0 <ty <1} U{{c,tz,ty) | ta,ty € Rop,1 <t <t, <2} U
(d,tm,0> |tm GRZQ,l <ty < 2}U{<C,tm,ty> |tm,ty S Rzo,l <ty =ty < 2}

(2 points)

As these automata only have a single location, their states can be thought of as a point in the real plane.
A point (d,e) € RZ, then represents that clock z has value d and clock y has value e. Determine the
reachable state space of both timed automata. Justify your answers.

Solution:

(a) The state space is {(z,y) | * > 0 Ay > 0}, ie., Ron- The important point is that e.g., any point
y > x + 4 can be reached by resetting clock z. E.g., at point (4,4), reseting x yields (0,4), from
there time may advance to (1,5), say, and we can reset x again, yielding (0,5). Thus, the surface
{(z,y) | © < 4 ANy > 0} is reachable. By just advancing x (i.e., no reset), also values (z,y) with

x,y > 4 can be reached. By symmetry, the same holds for resetting of y.

(b) The state space is {(z,y) |0 <y <z +4A0 <z <y+4}. The crucial point is that clock = cannot
be reset once y > 4, which is possible in part (a) of this exercise.

Exercise 3

Consider the following timed automaton TA.

z>1
reset(x)
() .- -
4 reset(z) A reset(x) 0y
r <2 r<1 z <2
0 0 {a}

1<x<?2

(3 points)



(a) Determine the set of states Sat(3C<%a).
(b) Determine the region transition system RTS(TA, true).

(c) Is the TA timelock-free? Justify your answer.

Solution:

(a) Sat(30=%*a) = {{lo,ty) | 0 <ty <2} U{{l1,t.) | 0 <ty <1} U{{la,t,) | 0 < t, < 2}. Note that
(€5,2) is not contained in this set, because there is no time-divergent path starting in this state and
hence there is also no time-divergent path that satisfies ©=%a.

(b) The region transition system RTS(TA, true) is given by the following picture.

. £y £y ?y d 4y £y
xr=0 O<z<xl1 r=1 l<ax<?2 =2
B
5 2 0y 2
r=1 d 0<x<l1 z=0
v
fz 52 fz 62 €2
r=2 l<z<?2 d r=1 d 0<z<l1 z=0

(c) The region transition system contains a state, (2,2 = 2), which has no outgoing transitions. There
is no time-divergent path starting from this state, and thus the timed automaton TA contains a
timelock.

Exercise 4 (1 points)

(a) Find a counterexample showing that
VOTID A YOI # VOTUD A D),
where 0=¢ = olddl for g € R>o.

(b) Does this also hold for J = [0,00)? Justify your answer.

Solution:

(a) This equivalence does not hold. A transition takes no time and as a result, the automaton can be
in more than one location at a given time point. To give a counterexample, consider the following
timed automaton TA with all the guard and location invariants as true and the TCTL formula
® =v0=0% A VOT% and & = VO=(a Ab). Then TA = @ but TA = @'

@0 61
=0 true

{a} {b}




(b) Consider the same timed automaton. Then TA = V&Ca A VOb, but TA = VO (a A b).



