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Exercise 1 (2 + 1 points)

Observational equivalence =2 is a slight variant of stutter-bisimulation equivalence where state so is
allowed to perform a path fragment

SoUT .. Uy, V1...VkSh

— ——

stuttersteps stuttersteps

with arbitrary stutter steps at the beginning and at the end and s} &5 s} to simulate a transition s — s
of an observational equivalent state si. L.e., it is not required that s, and states u; are observationally
equivalent, or that s, and v; are observationally equivalent. For the special case where s; — ) is a stutter
step the path fragment of length 0 (consisting of state s; = sj) can be used to simulate s; — s.

The formal definition of observational equivalence is as follows. Let T'S1 and T'S5 be two transition systems
with state-spaces S1 and So, respectively, and the same set AP of atomic propositions. A binary relation
R C Sy x Sy is called an observational bisimulation for (7S, T'S2) iff that the following conditions (A)
and (B) are satisfied:

(A) Every initial state of TS is related to an initial state of T'Sa, and vice versa. That is,

Vs1 € I; dsq € IQ.(Sl,SQ) ER and Vsy € Iy dsy € Il.(sl,SQ) ER

(B) For all (s1,s2) € R, the following conditions (I),(II) and (III) hold:

(I) If (s1,52) € R then Li(s1) = La(s2).

(IT) If (s1,s2) € R and s] € Post(s1), then there exists a path fragment wgu;...u, such that
n > 0 and up = sa, (s}, un) € R and, for some m < n, Ly(ug) = La(u1) = ... = La(uy,) and
Lg(um+1) = Lg(um+2) = .. = LQ(un)

(IIT) If (s1,s2) € R and s, € Post(s2), then there exists a path fragment wgu;...u, such that
n > 0 and up = s1, (un, sh) € R and, for some m < n, L1(ug) = Li(u1) = ... = L1(uy,) and
Ll(um+1) = Ll(um+2) = .. = Ll(un)

T'S1 and T'Sy are called observational equivalent, denoted T'S7 ~ps T'So, if there exists an observational
bisimulation for (7°S1,T'S2).

Questions:

The goal of this exercise is to show that =2, is strictly coarser than stutter-bisimulation equivalence ==.

(a) Show that TSy ~ T'Sy implies T'S1 ~ps T'S2.

(b) Consider the two transition systems 7'S7 and T'S3 shown in the following figure. Show that 7'S; ~
TS2 and TSl obs TSQ



TSl TS2

Solution:

(a) Let us first consider the definition of stutter bisimulation on states and then stutter bisimulation
for transition systems:

Definition 1: Transition systems T'S;, i = 1,2 are stutter bisimilar, if there exists a stutter bisimu-
lation R C &1 x Sa:

Vs1 € Iy Jsg € I5.(s1,82) ER and Vs € Iy Is1 € I1.(s1,82) € R

NOTE I: The condition regarding the initial states in the definition above is equivalent to the
condition (A) from the definition of the observational equivalent transition systems.

Definition 2: For a transition system TS the binary relation R on § is a stutter bisimulation if for
all (81, 82) €ER:
(I) L(s1) = L(s2)

(IT) s} € Post(s1) A (s1,8]) € R then there exists a finite path fragment souy ... u,sh, with n > 0,
such that: Vi =1,...,n: (s1,u;)) € RA(s],55) € R

(IIT) Symmetrically for s, € Post(s2).

Not let us slightly rephrase the condition (B) from the definition of the observation equivalent
transition systems:
(B) For all (s1,s2) € R, the following conditions (I),(II) and (III) hold:

(D) L1(s1) = La(s2).

(II) s} € Post(s1), then there exists a path fragment sy or squj ...u,sh such that n > 0,
(s],55) € R and, for some m < n, Lo(s2) = La(u1) = ... = La(uy,) and Lo(um41) =
Lg(um+2) =..= Lg(un) = L2(8I2)

(IIT) Symmetrically for s, € Post(sz).

Let us have some observations about the point (II) from above.

Observation 1: Unlike point (II) in Definition 2 it is not required that (s1,s}) € R



Observation 2: Unlike point (IT) in Definition 2 it is not required that the path fragment consists
of more than one state (in case it is sy the situation is trivial (so = s) and corresponds to having
(s1,8]) € R).

Observation 3: There is a condition on the path elements labeling: for some m < n, La(s2) =
Lo(u1) = ... = La(um) and Lo(um+1) = La(umy2) = ... = La(u,) = Lao(sh) instead of having
Vi=1,....n: (s2,u;) € RA(s],55) € R.

At this point to finalize the proof of the fact that T'S7 = TSy implies T'S7 ~gps 1S9 it suffices
to show that the point (II) of Definition 2 implies the point (II) of the observation-equivalence
definition, which is trivial, since having a stutter bisimulation R:

— if (s1,$}) € R then the path fragment which should be considered is so (s2 = s) and as R is
an equivalence (s2,s2) € R.

— if (s1,8]) € R then there exists a finite path fragment sou; ... u, s, with n > 0, such that: Vi =
1,...,n: (s2,u;) € RA(s],55) € R. The latter implies that La(s2) = La(u1) = ... = La(uy),
which means that we just need to take m = n in the definition of observation-equivalence.

(b) Notice that T'S; ~ T'S; and thus T'S1 &5 T'S2. The stutter-bisimulation equivalence relation here is
defined by the following equivalence classes: C1 = {s1, s9,t1,t2}, Co = {s3, s4,t3}, C3 = {s¢, 7,15},
Cy = {s5,t4}. The corresponding transition system can be seen on the figure below:

Exercise 2 (1 + 2 points)

Given transition systems T'S:



Questions:

(a) Depict the divergence-sensitive expansion T'S.

(b) Determine the divergence-stutter-bisimulation quotient (7°S)/ =, and depict T'S/~%".
Solution:

(a) The divergence-sensitive expansion T'S:

(b) TS/,



Exercise 3 (4 points)

Let T'S = (S, Act,—, I, AP, L) be a finite transition system. A stutter simulation for 7'S is a relation R
on S such that for all (s1,s2) € R:

1. L(Sl) = L(SQ).
2. If s} € Post(s1) with (s1,s]) ¢ R, then there exists a finite path fragment s uy ... u, s, withn >0
and (s1,u;) € R,i=1,...,n and (s],s}) € R.
s1 is said to be stutter simulated by so, denoted s; <y s9, iff there exists a stutter simulation for (s1, s2).

A stutter simulation R for T'S is called divergence-sensitive if for all pairs (s1, s2) € R and each infinite
path fragment m; = so1 s1,1 s2,1... in T'S with so1 = s1 and (s;,1,52) € R for all ¢ > 0 there exists
a transition s € Post(s2) with (sj1,sh) € R for some j > 1. We write s; <% sq iff there exists a
divergence-sensitive stutter simulation R for (s, s2).

Question:

Assume that for all VCTL<O formulae ® and two states s; and s in T'S we have sy = ® = s; | ®. Show
that s j?ﬁ:” S9.

Hint:

Define R = {(s1,s2) € xS |V® € VCTL{~.s2 |= @ = s1 |= @} and show that R is a divergence-sensitive
stutter simulation relation. This is proven by checking the conditions of the divergence-sensitive stutter
simulation.

Solution:

First we define the relation R = {(s1,s2) € S x 5 | V® € VCTL{~.s2 |= ® = s1 = ©}. The task is to
show that R is a divergence-sensitive stutter simulation.

We show that (1) R is a stutter simulation and (2) R is divergence-sensitive.
Claim 1. R is a stutter simulation.
Proof of claim 1. Let (s1,s2) € R. We consider the propositional logical formula

b = /\ a /\ -a.

a€L(s2) a€AP\L(s2)

Since sg = ® and (s1,s2) € R, we obtain s; = ®. From the structure of the formula ® we get L(s;) =
L(s2). This proves the first condition of the stutter simulation relation R.



To establish the second condition of relation R, we define a formula ®,, for the upward closure of a state
u with respect to R, i.e.,

Sat(®,) =ut={te€ S| (u,t) € R}.

®,, is also called the master formula for the state u. We have to show that for all VCTL’\‘O—formulas P, if
sg = ® = s1 = @ then (s1,s2) € R. This also means that s; F ~® = s9 = .

Lets consider a state s} such that s} € Post(s1), (s1,57) € R and s1 = 3(®5,U®, ). Then we have that
s1 = 2V (Ps, UPy, ). Notice that we can a YCTL{~formula out of V=(®;,U® ) by pushing the negation
inside the formula. As (s1,s2) € R we have that sy |5 =V=(®5, U@y ) or s = I(Ps, U, ). This means
that there exists a path fragment mo = s uj ... u, 5 with n > 0 such that so | @y, u; | @, for all
i <n and sy = . From the definition of the upward closure of a state we get that (s1,u;) € R for all
i <nand (s],s5) € R.

Claim 2. R is divergence-sensitive stutter simulation.

Proof of claim 2. As before let (s1,s2) € R. We define a formula ®,, for the downward closure of a state

u with respect to R, i.e.,
Sat(®,) =ul={te€ S| (t,u) € R}.

Consider a path m; = sg151,152,1--- such that s; = so; and m |= O®,, or s; = 30P,,. This means
s1 | V-0, and s = —V-0®,, or sy = 3FOP,,. From the definition of downward closure we get that
(sj,1,52) € Rforall j > 0. As R is also a stutter-simulation there is a j > 1 such that (s;1, Post(sz2)) € R.



