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Exercise 1 (Time and Space Complexity): (2 Points)

Consider the comparison of the complexities for DFA and NFA method given in lecture three, slide 9.

a) Give an example regular expression, for which the DFA method requires the worst-case space complexity

O(2|α|). Argue why your answer is correct.

b) Give an example regular expression, for which the NFA method requires the worst-case time complexity

O(|α| · |w |). Defend your answer shortly.

Lösung:

a) Every regular expression has a DFA with equivalent language. We say two states of a DFA A say s, s ′ are

di�erent if there exists a string v such that δ(s, v) is in the �nal state and δ(s ′, v) is not in the �nal state

or vice-versa (notion of equivalent states was some what touched in Exercise sheet 1).

Consider the regular expression 1

rn = Σ∗aΣnb

where alphabet Σ = {a, b}. Let An be the corresponding DFA for rn. Let w = αaβb and w ′ = α′aβ′b.

where |β| = |β′| = n. After reading w and w ′ let the automaton be in the states s, s ′, respectively. Let

β 6= β′, thus there exist an index i such that β(i) 6= β′(i) [the i th symbol of β]. W.l.o.g assume β(i) = a

and β′(i) = b. The string v = bi+1 distinguishes s and s ′, as δ(s, v) is in �nal state and δ(s ′, v) is not

(since, wv ∈ L(rn) and wv ′ 6∈ L(rn)).

Thus, for each distinct β there is a distinct state of An and there are 2n di�erent β's.

b) αn := Ω∗Ωn.

An :

s0 s1 . . . sn t
Ω

Ω

Ω

The number of states of automaton An is O(n). For all string w , the number of reachable states increase

by 1 till it becomes equal to |Q|. Thus, the NFA method runs in O(|αn| · |w |).
.

Exercise 2 (Longest First Match Principle): (4 Points)

a) For extended matching two principles have been introduced to resolve nondeterminism during analysis,

the longest match principle and the �rst match principle. Argue why these principles are reasonable to

use. Instead, we could have insisted on an unambiguous de�nition of the symbol classes, i.e. for regular

expressions α1, . . . , αn it should hold JαiK ∩ JαjK = ∅, for all 1 ≤ i < j ≤ n. Why is this not a good idea

from a practical point of view? Give examples to support your explanations.

1This example is due to Samiro
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b) Let α1, . . . , αn be regular expressions over Σ and w ∈ Σ∗. In the lecture it was assumed that ε 6∈ JαiK
and JαiK 6= ∅ for all i ∈ {1, . . . , n}. Show that these are reasonable assumptions by proving the following

proposition:

• If JαiK = ∅ for some i ∈ {1, . . . , n} there exists no �m-analysis of w w.r.t. α1, . . . , αn that is not a

�m-analysis of w w.r.t. α1, . . . , αi−1, αi+1, . . . , αn as well.

• If ε ∈ JαiK for some i ∈ {1, . . . , n} then the �m-analysis of w w.r.t. α1, . . . , αn is not unique (if it

exists).

Lösung:

a) Example: Σ = {←,⊕, a, . . . , z}

α1 = var

α2 = whi le

α3 = end

α4 = ←
α5 = ⊕
α6 = (a+ . . .+z)(a+ . . .+z)∗

Jα1K ∩ Jα6K = {var} but of course, var should be the keyword instead of an identi�er.

If we did not assume the longest match principle, in addition to var iable another decomposition of var iable

would be e.g. var , iable. . .

If we did not assume the �rst match principle, instead of α6 we would have to provide regular expression:

α′6 = ¬(ε+ var + whi le + end + Σ∗ ⊕Σ∗ + Σ∗ ← Σ∗)

b) If (w1, . . . , wk) is a decomposition of w , then

w = w1 . . . wk and ∀j ∈ {1, . . . , k} ∃ij ∈ {1, . . . , n} : wj ∈ Jαij K (∗)

If ` ∈ {1, . . . , n} such that Jα`K = ∅, then ∀j ∈ {1, . . . , k} : wj 6∈ Jα`K, even if wj = ε. Thus,

(∗)⇔ w = w1 . . . wk and ∀j ∈ {1, . . . , k} ∃ij ∈ {1, . . . , `− 1, `+ 1, . . . , n} : wj ∈ Jαij K

Let (w1, . . . , wk) be a decomposition of w respecting the �m principle, i.e. w = w1 . . . wk , and let αε be a

regular expression with ε ∈ JαεK. Then (w1, . . . , wk , wε) is a decomposition of w respecting the �m principle

as well (w = w1 . . . wkε).

.
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Exercise 3 (Backtracking DFA): (4 Points)

Let α1 = wr ite, α2 = Σ(Σ|N)∗ where Σ := (a| . . . |z |A| . . . |Z), N := (0|1| . . . |9).

a) Construct DFAs Ai for αi such that L(Ai) = JαiK.

b) Construct the product automaton A = A1 ⊗ A2.

c) Determine the �rst match partitioning of the set of �nal states in A.

(The regular expressions are ordered (α1, α2).)

d) Determine the set of reachable and productive states in A.

e) Compute the run of the corresponding backtracking DFA for input wr iteln(). Provide the run by giving the

corresponding con�gurations.

Lösung:

a) Σ ∪ N ⊆ Ω.

A1 :

1 2 3 4 5 6

⊥

w

Ω− w

r

Ω− r

i

Ω− i

t

Ω− t

e

Ω− e
Ω

Ω

A2:

1 1

⊥

Σ

Ω−Σ

Σ

N

Ω− r

Ω

b) A = A1 ⊗ A2:
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1A 2B 3B 4B 5B 6B

⊥B

⊥⊥

⊥⊥

w

Ω− w

r

Ω− r

i

Ω− i

t

Ω− t

e

Ω− e
Ω

Σ, N

c) F1 = {6B} and F2 = {2B, 3B, 4B, 5B,⊥B}.

d) Only non-productive state is ⊥⊥.

e) (N,1A.writeln(), ε) ` (ID, 2B.riteln(),ε) ` (ID, 3B.iteln(), ε) ` (ID, 4B.teln(), ε) ` (ID, 5B.eln(), ε) `
(WRITE, 6B.ln(), ε) ` (ID,⊥B.n(), ε) ` (ID,⊥B(), ε) ` (N, 1A(), ID) ` ID.lexer r

.
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