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Prof. Dr. Ir. Joost-Pieter Katoen Christian Dehnert, Sebastian Junges
Exercise 1 (CTL-star): (3 points)

Consider the CTL*-formula (over AP = {a, b})
¢ =VvoO3 O (aU30b)

and the transition system TS outlined below:

(s0)(b}

Apply the CTL* Model Checking Algorithm to compute Sat(®) and decide whether TS = ©.
Hint: You may infer the satisfaction sets for LTL formulas directly.

Solution:
We consider the maximal proper state subformulas Sub(®):

1. W =a: Sat(a) = {s2, 53, 5,57}
2. WV =b: Sat(b) = {so, 2, 54,56, 57}

3. v =3d0b:
The following equivalence is used to compute Sat(30b):

SEcrr 30 = skEcr Ve = shcre Ve = sETL

According to the LTL semantics, we have Satr (=0b) = Satyr (O—b) = {s,51,52.53.S5}. Then, S\
Sat r(=0b) = {s4, s, 57} is the satisfaction set Satcr ~(30b):

Satcr-(30b) = {s4, S5, S7}-

The labelling is extended by a fresh atomic proposition asnp according to Satcr - (30b).
The corresponding subformula 300b of & is replaced by asp.

{a7b} {b7a35 b}

{a7 b> a3o b} {a7 b> a3o b}
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apove ecquiva CTOr ¢

skEcre 30 (Vazmp) <= s ~ O (aUaomp) -

By the equivalence = (O (aUasgp) = O~ (aUanp), the satisfaction set of —(aUasgp) can be inferred:

Satir(—(alUaznp)) = {so, 51, 52, S5}
Satit(O-(aVasop)) = {s0, 2}
Satcri- (3O (aVaznp)) = S\ Satir (O~ (aUasne))
=5\ {5 %}
= {s1, 53,54, 55, S, 57}

The labelling is extended by a new atomic prop. asn(ayay,) according to Satcr (3 O (aUagmp)). Again,
the corresponding subformula W of ® is replaced by asy(auay,):

{GHO (a U a3o b)}

{a’ aﬂo (a Uaso b)}
{a7b} {b’aamb’a3o (aUaaD b)}

{(L, bv a3ob, ago (a U aso b)}

5 V= VODaHO(aUQSDb):
In the case of universal quantification, we can directly apply the LTL—semantics:

Satir (00830 (avaxs)) = 150. S1. 53, 54, 56, 57} -

Because of s5 € Qp, but s5 ¢ Sat(®), this yields TS et~ P.

Exercise 2 (Fair-CTL Model Checking): (3 points)

Consider the CTL-formula ® = VO(a — YO(b A —a)) {a} {v}
together with the following CTL fairness assumption

fair =00V (aA—-b) = OOV (bA—a)
AQOAOb — OOb.

Check that TS ., ®! {a} {a, b}

Solution:

First we check the state formulae of the fairness assumptions. We have:
e Sat(V (O (an—-b)) = {so, 51}
e Sat(VO (bA=a)) = {si}
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e Sat(30b) = S
e Sat(b) = {s, ss}

Next we need to check which are the states where the fairness assumption is realisable, that is s |=f,, I00true.
To show realisability it suffices to find a strongly connected node set! that is reachable from s and satisfies both
constraints of fair. Let us consider the whole state space S which is a strongly connected node set (and an
SCC). We check that S satisfies the first (i.e. strong) condition like in the lecture:

Treatment of U] under strong fairness  crruras20s

fair= A (O0b; — O0¢)

1<i<k

s i A0a iff there exists a non-trivial
strongly connected node-set D of G, such that

(1) D is reachable from s

(2) foralll<i<k:
DN =@ or DNSat(c;) # @

G,: digraph that arises from T by removing all
states s’ with s’ [~ a

152 /132

We have that SN Sat(V (O (bA—a)) # () so the first constrain is satisfied. Analogously we have to check for the

second constraint that
S & Sat(30b) or SnSat(b) £0 .

The latter is true, so the second (i.e. weak) constraint is satisfied as well. Obviously S is reachable from every
state in' S, hence fair is realisable from all states and we can label all states with ar,;,.
We can now apply the model checking algorithm assuming that our formula is in existential normal form.

® =Vv(a — VO(b A —a))
=30—=(a = VO(b A —a))
=30—(-a vV VO(b A —a))
=30(a A =VO(b A —a))
—-30(aA3ID(—-bV a))
=’

Satrair(a) = Sat(a) = {s1,53, 54}

Satrair(b) = Sat(b) = {s2, 54}

Satrair(—b) = S\Satrair(b) = {s0. 51, 53}

Satrai (mbV a) = Sat(=bV a) = {so, 51, 53, Sa}

IMind the difference to an SCC which has to be maximal, i.e. an SCC cannot be a subgraph of a bigger SCC.
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. Satfa,-,(ED(—'b V a)) .

Calculation of Satg;,(30a) CTLFAIRA.4-27

compute the SCCs of the digraph G;;
T:=g;
FOR ALL nontrivial SCCs C of G, DO

IF | CheckFair(C,...) |THEN T := TUC FI
0D

Satgi(30a) := {s € S : Reache,(s)N T # 2}
T

backward search from T

time complexity: O(size(T) - |fairl)

205 /132

G_pva l0Oks as:

0 {a}

{a} {a,b}

It has only one SCC C = {sp, s3, 54} for which CheckF air returns false as no state satisfies VO (b A —a)
but it impossible to (infinitely often) avoid states that satisfy V O (a A —b) .
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Recursive algorithm CheckFair(. . .) eruenn 428
pseudo code for CheckFair(C,k, A (O0b; — O0c))
1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return "true” FI
choose j € {1,..., k} with C N Sat(¢;) = @;
remove all states in :
IF the resulting graph G is acyclic THEN return “false” FI
FOR ALL nontrivial SCCs D of G DO

IF CheckFair(D, k—1, \(O0b;—0¢c))

THEN return “true” Hopr

0D
return “false”

215 /132

Hence Satr,;, (30(=bV a)) =0
o Satri(aNTIT(=bVa)) =Sat(an3O(=bV a) A arair) =0
o Satri (30(a ATO(=bV a))) = Sat(FO(aATT(=bV a) A arair)) =0
o Satr, (P) =S5
We have that Sats,; (D) = Satr,;, (®') =S D | and therefore TS ¢ P!
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Exercise 3 (Bisimulation 1): (2 points)

Consider the transition system TS over AP = {a, b} outlined below:

{a, b} {a} {a, b} {a}

1. Determine the bisimulation equivalence ~1s and depict the bisimulation quotient system TS/ ~.

2. For each bisimulation equivalence class C, provide a CTL formula ®¢ that holds only in the states in C.

Solution:

1. The bisimulation equivalence classes are as follows:

{a, b}

2. Corresponding master formulas are given below:

q)[SO]:—‘a/\—'b/\HOHOﬁa ¢[55]:—|a/\—|b/\(VOVOa)
Cb[sl]:a/\ﬂb/\EIQ(—\a/\—\b) (D[Sﬁ]za/\—‘b/\VO(a/\b)
QD[SA]:a/\b/\EQ(ﬁa/\ﬁb) ¢[52]:aAbAVOa

Exercise 4 (Bisimulation I1): (2 points)

Consider the following three transition systems TSy, TSo, and TSs, where all the states labelled with {a} are
initial states. Decide whether TS; ~ TS, for i,j € {1,2,3}and i #j. If TS; £ TS;, then provide a distinguishing

CTL formula ® such that TS; & <= TS; |~ ¢.

Solution:
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L] TSl’?CTSQ

TS1E3I0band TS, =30 b.
o 75 A TSs.

TS1=30band TS; 30 b.

o T52 7(/ TS3
[}

—
9 =30bA30a

@'

TSsE= vOb v3IOevVvIOIOPV @
~——r —— —_——— ~~
for 26,77 for g~ for 17,5 for o

TS, b @,
(Notethat TS iffsE=® forall s € 1))
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(a) T51 (b) TSQ

(C) TS3



