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Recap: LR(0) and SLR(1) Parsing

Computing LR(0) Sets

Theorem (Computing LR(0) sets)

LetG = (N,¥,P,S) € CFGy be start separated by S" — S and reduced.

1. LR(0)(¢) is the least set such that
- [S' — -S] € LR(0)(¢) and
— if[A — -BYy] € LR(0)(¢) and B — (5 € P,
then [B — -/5] € LR(0)(¢).
2. LR(0)(aY) (o € X*, Y € X) is the least set such that
— if[A — 71 - Y] € LR(0)(«),
then[A — 1Y - .| € LR(0)(«Y) and
— if[A = 71 - By] € LR(0)(aY) and B — 3 € P,
then [B — -] € LR(0)(arY).

RWTH
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Recap: LR(0) and SLR(1) Parsing

LR(0) Conflicts

Definition (LR(0) conflicts)

Let G= (N,X,P,S) € CFGy and | € LR(0)(G).
e / has a shift/reduce conflict if there exist A — «1aas, B — 8 € P such that

[A— ay-aas],[B— 5] €l

e / has a reduce/reduce conflict if there exist A — o, B — § € P with A # B or a # 5 such

that
[A— «],[B— p-] €l

Lemma
G € LR(0) iffno | € LR(0)(G) contains conflicting items.

Proof.
omitted
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Recap: LR(0) and SLR(1) Parsing

The goto Function

Observation: if G € LR(0), then LR(0)(~) yields deterministic shift/reduce decision
for NBA(G) in a configuration with pushdown -
—> new pushdown alphabet: LR(0)(G) in place of X

Moreover LR(0)(~Y) is determined by LR(0)(~) and Y but independent from ~ in
the following sense:

LR(0)(v) = LR(0)(v") = LR(0)(vY) = LR(0)(7'Y)

Definition (LR(0) goto function)
The function goto : LR(0)(G) x X — LR(0)(G) is determined by

goto(l, Y) =1 iff there exists ¥ € X* such that
| = LR(0)(y) and I' = LR(0)(vY).
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Recap: LR(0) and SLR(1) Parsing

The LR(0) Action Function

The parsing automaton will be defined using another table, the action function, which
determines the shift/reduce decision (reminder: 7o = S’ — S).

Definition (LR(0) action function)

The LR(0) action function act : LR(0)(G) — {redi | i € [p]} U {shift, accept, error}
is defined by

(redi ifi£0,m=A— aand[A— o] €l
shift  if [A — ay - aaw] € I

accept if [S' — S| €/

Lerror  if /=)

N\

act(/l) :=

Corollary
For every G € CFGy, G € LR(0) iffact is well defined.

Together, act and goto form the LR(0) parsing table of G.

RWTH
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Recap: LR(0) and SLR(1) Parsing

The LR(0) Parsing Automaton |

Definition (LR(0) parsing automaton)

Let G= (N, X, P,S) € LR(0). The (deterministic) LR(0) parsing automaton of G is
defined by the following components:

e Input alphabet X

e Pushdown alphabet I' := LR(0)(G)

e Output alphabet A := [p] U {0, error}

e Configurations ©* x * x A*

e Initial configuration (w, Iy, €) where Iy := LR(0)(¢)

e Final configurations {e} x {e} x A*

e Transitions:

shift: (aw, al, z) = (w, all’, z) if act(/) = shift and goto(/, a) = I

reduce: (w, all ... Iy, 2) F (w,all, zi) if act(ly) = redi, 7 = A — Y; ... Y, goto(/, A) = I
accept: (¢, b, z) F (g,¢,z0) if act(/) = accept

error: (w, al, z) - (e, e, zerror) if act(/) = error

RWTH
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Recap: LR(0) and SLR(1) Parsing

The SLR(1) Action Function
Definition (SLR(1) action function)

The SLR(1) action function
act : LR(0)(G) x . — {redi | i € [p]} U {shift, accept, error}
is defined by
(redi  ifi£0,m=A— a,[A— a] €, and x € fo(A)
shift  if [A — a1 - xap] € land x € &
accept if [S' — S| € land x = ¢
_error  otherwise

act(/, x) 1= <

Definition (SLR(1) grammar)

A grammar G € CFGy has the SLR(1) property (notation: G € SLR(1)) if its
SLR(1) action function is well defined.

act and the LR(0) goto function (Definition 9.1) form the SLR(1) parsing table of G.
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Recap: LR(0) and SLR(1) Parsing

The SLR(1) Parsing Automaton

Definition (SLR(1) parsing automaton)

The SLR(1) parsing automaton is defined as in the LR(0) case (see Definition 9.6),
except for the transition relation:
shift: (aw, al, z) = (w, all’, z) if act(/, a) = shift and goto(/, a) = I

reduce,: (aw, ally ... I, z) = (aw, all'; zi) if act(l,, a) =redi, mi = A — Y;... Y,
and goto(/,A) = I

reduce.: (e, ally ... I, z) = (g, all'; zi) if act(l,, ) =redi, 7 = A— Y;... Y, and
goto(l, A) =1

accept: (g, bl, z) - (e, e,z 0) if act(/, €) = accept

error,: (aw, al, z) F (e, e, zerror) if act(/, a) = error

error.: (g, al, z) (e, e, zerror) if act(/, ) = error
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LR(1) Parsing

LR(1) ltems and Sets |

Observation: not every element of fo(A) can follow every occurrence of A
—> refinement of LR(0) items by adding possible lookahead symbols

Definition 10.1 (LR(1) items and sets)

Let G= (N,X,P,S) € CFGy be start separated by S" — S.
o If S = cAaw =, afb.aw, then [A — (1 - (2, a| is called an LR(1) item for af;.
o If S =" aA = afifs, then [A — (1 - (2, ¢] is called an LR(1) item for a5;.
e Given v € X*, LR(1)(~) denotes the set of all LR(1) items for ~, called the LR(1) set (or:
LR(1) information) of ~.
o LR(1)(G) := {LR(1)(7) | v € X"}.

RWTH
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LR(1) Parsing

LR(1) ltems and Sets Il

Corollary 10.2

1. Forevery v € X*, LR(1)(v) is finite.
2. LR(1)(G) is finite.
3. Forevery v € X*, LR(1)(~) “contains” LR(0)(~), i.e.,

{[A—= b1 - Ba] | [A— D1 - B2, x] € LR(1)(7)} = LR(0)(7).

4. [A— B1-fo,x] € 1 € LR(1)(G) = x € fo(A)
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LR(1) Parsing

LR(1) Conflicts

Definition 10.3 (LR(1) conflicts)

Let G= (N,X,P,S) € CFGyx and | € LR(1)(G).
e / has a shift/reduce conflict if there exist A — «1aas, B — 5 € P and x € X, such that

[A— aq-aag, x],[B— §-,a] € 1.

e [ has a reduce/reduce conflict if there exist x € 2. and
A— a,B— € Pwith A+ Bora +# [ such that

[A— a-,x],[B— 5-,x] € 1.

Lemma 10.4
G € LR(1) iffno | € LR(1)(G) contains conflicting items.

RWTH
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LR(1) Parsing

Computing LR(1) Sets |

The computation of LR(0) sets (cf. Theorem 8.15) can be extended to cover right
contexts:

Theorem 10.5 (Computing LR(1) sets)

LetG = (N,X,P,S) € CFGy be start separated by S' — S and reduced.
1. LR(1)(¢) is the least set such that
—[S'— -S,¢] € LR(1)(e) and
— if[A— -Bv,x] € LR(1)(¢), B— [ € P, andy € fi(yx), then[B — -3, y] € LR(1)(¢).
2. LR(1)(aY) (0 € X*, Y € X) is the least set such that
— if[A = v1 - Y, x] € LR(1)(), then[A — Y1Y - ¥, x] € LR(1)(aY) and
— if[A — 4 - Bye,x] € LR(1)(aY), B — B € P,andy € fi(y2x), then[B — -3, y] € LR(1)(aY).

RWTH
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LR(1) Parsing

Computing LR(1) Sets I
Example 10.6 (cf. Example 9.15)

LR(1)(G/_R)fOI’GLRS/—>S S—>L=R‘R L—>*R|a R— L
[S' -8, ¢] € LA(1)(e) [A— By,x] € LR()(), B — 6 € P,y € fi(7x) = [B—>-B,y] € LR1)(E) [A— 1 Y

Iy == LR(1)(e) : [S'— S, €] [S — -L=R,¢] [S— ‘R,e] [L— -*R, =]
L — -a,=] [R— -Lie] [L— *R,e] [L— -a,¢]

L=LRA)S): [ — &4

L= LR(1)(L) : [S—L-=R.e] [R— L€l

L:=LR(M)R):  [S— R.,é]

[=LRO)(x):  [L—o=*-R=] [Lo=*-Rd [R—-L=] [R—-Le
[L = *R,=] [L— -a,=] [L — -*R,e] [L— -a,¢]

It = LR(1)(a) : [L — a-, =] [L — a- €]

k= LR(1)(L=) : [S— L=-R,e] [R— L] [L— *Re] [L— -ac¢]

Fo=LR()(*R): [L— *R,=] [L— *R- ]

L:=LR()(*L): [R—L,7] [R—L.e]

I = LR(1)(L=R) : [S— L=R-é]

Iy :=LR(1)(L=L) : [R— L-€]

o= LR(1)(L=*): [L—x-Re] [R—-Lel [L—*Re] [L— ac]

[, :=LR(1)(L=a): [L— a-,¢]

liy := LR(1)(L=xR) : [L — *R-, €]

ly =10

In I,: shift on =/reduce onc =— G,z € LR(1)
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LR(1) Parsing

The LR(1) Action Function

Definition 10.7 (LR(1) action function)
The LR(1) action function
act : LR(1)(G) x L. — {redi | i € [p]} U {shift, accept, error}

is defined by
(redi ifi£0,m=A— aand[A— a,x] €l
) shift  if[A— aq-xap,y] €land x € &
(b ) = < accept if [S'— Sl € land x = ¢
_error  otherwise

Corollary 10.8
Forevery G € CFGy, G € LR(1) iffits LR(1) action function is well defined.
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LR(1) Parsing

The LR(1) goto Function
The goto function is defined in analogy to the LR(0) case (Definition 9.1).

Definition 10.9 (LR(1) goto function)
The function goto : LR(1)(G) x X — LR(1)(G) is determined by

goto(l, Y) =1 iff there exists ¥ € X* such that
I = LR(1)(y) and I' = LR(1)(7Y).

Again, act and goto form the LR(1) parsing table of G.
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LR(1) Parsing

The LR(1) Parsing Table

Example 10.10 (cf. Example 10.6)

Iy == LR(1)(¢) [ — -S,¢e] [S— -L=R,€][S — ‘R,¢] [L — *R, =] act goto
[L—-a,=] [R—-Le] [L— *Rc][lL— -ac¢] * = a ¢ |[SLRx*x=a
I[=LR1)(S): [S — S ¢ [lshift  shift /A
Iy := LR(1)(L) : [S— L-=R,¢][R— L] I accept
L:=LR(1)(R): [S— R | shift  red5 A
Iy == LR(1)(*) : [L—*-R,=] [L—*-Re][R—-L=] [R—-Le] |k red 2
[L— *R,=] [L—-a,=] [L— *Re][L— -ae] |[shit  shift A
It .= LR(1)(a) : [L —a,=] [L—a,¢] k| red4 red 4
L=LR(1)(L=): [S— L=-R,e][R— -Le] [L— *Re][L— -ae] |Lshit  shift A
b:=LR(1)(*R): [L— *R-,=] [L— *R- €] Ll red3 red 3
Iy :=LR(1)(xL): [R—L,=] [R— L,¢] lg|  red5 red5
I = LR(1)(L=R) : [S — L=R- €] A red 1
Iy :=LR(1)(L=L) : [R— L-é] I red5
[y ;== LR(1)(L=x): [L—x-R,e] [R— L] [L— *Re][L— -a,e] |lf;shift shift balhalt: s
I,:=LR(1)(L=a): [L— a¢] I, red 4
Iy = LR(1)(L=*R) :[L — *R-, €] I, red 3
I, =0 (empty = error /()
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LR(1) Parsing

The LR(1) Parsing Automaton |

Definition 10.11 (LR(1) parsing automaton)

The LR(1) parsing automaton is defined as in the LR(0) case (see Definition 9.6),
except for the transition relation:
shift: (aw, al, z) = (w, all’, z) if act(/, a) = shift and goto(/, a) = I

reduce,: (aw, ally ... I, z) = (aw, all’, zi) if act(l,,a) = redi, 7, = A — Y;... Y,
and goto(/,A) = I

reduce.: (e, ally ... I, z) = (g, all'; zi) if act(l,, ) =redi, 7 = A— Y;... Y, and
goto(l, A) =1

accept: (g, bl, z) - (e, e,z 0) if act(/, €) = accept

error,: (aw, al, z) F (e, g, zerror) if act(/, a) = error

error.: (e, al, z) F (e, e, zerror) if act(/, €) = error
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LR(1) Parsing

The LR(1) Parsing Automaton Il

Example 10.12 (cf. Example 10.6)
Ggr:S —S(0) S—L=R|R(1,2) L—>*R|a(3,4) R—L(5

LAONGR) et ) Eoto LR(1) parsing of a=*a:
A shift  shift Lol I (a=*a, [ , € )
ﬁ hift arcc;egt K ~(=xa, e - )
S (k4 )
[ shift shift LEL L =( *a, bl .4 )
Ié redd4 red4| F( a, léléléli1 / , 4 )
;e/s Shlﬂred BSh'ft 3 holo hy hi2 = ( g, /9/?/9/}1 /}2, 4 )
; red? =( e bblhilo 44 )
A red 1 (e hhllils, 445 )
I, red 5 (e LKL, ,4453 )
/i . shift  shift Loligly Iy (e, Ll 44535 )
;12 ;233 F( e R , 445351 )
13 (empiy = error ) F( ee , 4453510)

e ... |RWH
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LALR(1) Parsing

LALR(1) Parsing

e Motivation: resolving conflicts using LR(1) too expensive

e Example 9.15/10.6: |LR(0)(G.g)| = 11, |LR(1)(GLgr)| = 15
e Empirical evaluations:

— A. Johnstone, E. Scott: Generalised Reduction Modified LR Parsing for Domain Specific Language
Prototyping, HICSS’02, IEEE, 2002

— X. Chen, D. Pager: Full LR(1) Parser Generator Hyacc and Study on the Performance of LR(1)
Algorithms, C3S2E’11, ACM, 2011

Grammar | [LR(0)(G)| |LR(1)(G)
Pascal 368 1395
Ansi-C 381 1788
C++ 1236 9723
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LALR(1) Parsing

LR(0) Equivalence
Observation: potential redundancy by containment of LR(0) sets in LR(1) sets (cf.
Corollary 10.2)
Definition 10.13 (LR(0) equivalence)
LetIry : LR(1)(G) — LR(0)(G) be defined by
Irg(1) :={[A— B1-Ba] | [A— b1 Ba,x] € 1}

Two sets Iy, b € LR(1)(G) are called LR(0)-equivalent (notation: /; ~q k) if
11“0(/1) — 1r0(l2).

23 of 34 Compiler Construction o Rm
Software Modeling

Summer Semester 2017
Lecture 10: Syntax Analysis VI (LR(1) Parsing & Handling of Ambiguities) Bl and Verification Chair



LALR(1) Parsing

LALR(1) Sets

Corollary 10.14
For every G € CFGy,

LR(1)(G)/ ~o | = [LR(0)(G)].

Idea: merge LR(0)-equivalent LR(1) sets
(maintaining the lookahead information, but possibly introducing conflicts)

Definition 10.15 (LALR(1) sets)

Let G € CFGy.
e An information / € LR(1)(G) determines the LALR(1) set

U~ = {7 € LRAY(G) | 1 ~o 1}.
e The set of all LALR(1) sets of G is denoted by LALR(1 )(G).

Remark: by Corollary 10.14, (1)(G)| = |[LR(0)(G)
(but LALR(1) sets provide additional lookahead information)

RWTH
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LALR(1) Parsing

LALR(1) Parsing

Sketch of LALR(1) Parsing

e LALR(1) action function
act : LALR(1)(G) x X. — {redi | i € [p]} U {shift, accept, error}

defined in analogy to the LR(1) case (Definition 10.7)

e G € CFGsx has the LALR(1) property (G € LALR(1)) ifits LALR(1) action function is well
defined

e Also LR(1) goto function (Definition 10.9) carries over to the LALR(1) case:
goto : LALR(1)(G) x X — LALR(1)(G)

e act and goto form the LALR(1) parsing table
e But: merging of LR(1) sets can produce new conflicts
e LALR(1) used by yacc/bison parser generator (later)

RWTH

25 of 34 Compiler Construction o
Summer Semester 2017 Software Modeling

Lecture 10: Syntax Analysis VI (LR(1) Parsing & Handling of Ambiguities) ‘ Bl and Verification Chair




Bottom-Up Parsing of Ambiguous Grammars

Ambiguous Grammars

Reminder (Definition 5.5): G € CFGy is called unambiguous if every word w € L(G) has exactly
one syntax tree. Otherwise it is called ambiguous.

Lemma 10.16
If G € CFGs is ambiguous, then G ¢ | J, . LR(k).

Proof.

Assume that there exist k € N and G € LR(k) such that G is ambiguous.

Hence there exists w € L(G) with different right derivations. Let a«Av be the last common sentence
of the two derivations (i.e., 3 # ')

=, afv =T w

S =" adAv
' = af'v="w

But since first,(v) = first,(v) for every v € ¥*, Definition 8.8 yields 5 = '. 4 O

However ambiguity is a natural specification method which generally avoids involved syntactic
constructs.
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Bottom-Up Parsing of Ambiguous Grammars

Bottom-Up Parsing of Ambiguous Grammars |

Example 10.17 (Simple arithmetic expressions)

G:E — E (0)
Precedence: * > +
LR(O)(G): I :

. [E — E*E]

E— E+E| ExE|a (1,2,3)
Associativity: left

E — -E]
E — E]
E — a‘]
E — E+ - E]
. |[E — Ex* - E]

. |[E — E+E]

E — -E+E]
E — E - +E]

E — -E+E]
E — -E+E]
E — E - +E]

E — E - +E]

Conflicts: /;: SLR(1)-solvable (reduce on &, shift on +/*)
Is, Is: not SLR(1)-solvable (+, * € fo(E))

Solution: Is: * > + = act(ls, *) := shift, + left assoc. — act(/ks, +) := red 1
lg: * >+ = act(ls,+) :=red 2, * left assoc. = act(/, *) := red 2

(thus: ataxa+a := (a+(ax*xa))+a)

E — -ExE| [E — -3]
E — E - *E]

E — -ExE| [E — -]
E — -ExE| [E — -3]
E — E - *E]

E — E - *E]
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Bottom-Up Parsing of Ambiguous Grammars

Bottom-Up Parsing of Ambiguous Grammars Il

Example 10.18 (“Dangling else”)
G:S —S S—1iSeS|iS|a
Ambiguity: iiaea := (1) i (iaea) (common) or (2) i (ia)ea

LR(0)(G): Iy := LR(0)(¢e) : S — -S| [S — 1S8eS] [S — i8] [S — -4]
Iy :== LR(0)(S) : S — S
b := LR(0)(1) : S —1i-SeS|[S—i-S|[S— -1SeS]
S — 15| [S — 4]
Iy := LR(0)(a) : S — a‘]
I, ;= LR(0)(iS): [S— iS-eS|[S— iS]]
Is := LR(0)(iSe): [S — iSe- S|[S — -iSeS|[S — ‘iS] [S — -&]
ls := LR(0)(iSeS) : [S — iSeS']
Conflictin Iy e € fo(S) == not SLR(1)-solvable

Solution (1): act(ly, e) := shift

RWTH
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Expressiveness of LL and LR Grammars

Overview of Grammar Classes

LL(1) eGyg (Ex. 7.4)
Moreover:
o LL(K) C LL(k +1)
LL(O) for eve:; keN
o LR(k) ; LR(k + 1)
for every k € N

f ke N
SLR(1) eGae (Ex. 9.13) orevery X €

LALR(_Z) QGLR

LR(_Z) .GLR (EX 915)

RWTH
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Expressiveness of LL and LR Grammars

Overview of Language Classes

(cf. O. Mayer: Syntaxanalyse, Bl-Verlag, 1978, p. 409ff)

L(LL(1))
REG Moreover:
o L(LL(K)) S
L(LL(0)) L(LL(k + 1) S
L(LR(1))
for every k € N
L(LR(0)) e [(LR(K)) = L(LR(1))
L(SLR(])) = L(LALR(I)) = for every k > 1
[(LR(1)) = det. CFL
unambiguous CFL
CFL
FE e semestr 2017 N | RWTH
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Expressiveness of LL and LR Grammars

Why REG ¢ L(LR(0))?

Definition 10.19

A language L C > *is called prefix-free if LN L- X" = (), i.e., if no proper prefix of an
element of L is again in L.

Lemma 10.20
G € LR(0) = L(G) prefix-free

Proof.
on the board ]

Corollary 10.21
{a,aa} € REG\ L(LR(0))
Conjecture: L € REG \ L(LR(0)) = L(G) not prefix-free?

33 of 34 Compiler Construction o
Summer Semester 2017 Software Modeling

Lecture 10: Syntax Analysis VI (LR(1) Parsing & Handling of Ambiguities) Bl and Verification Chair

RWTH




Expressiveness of LL and LR Grammars

Why REG C L(LL(1))?

Lemma 10.22 (cf. Lecture 2)
Every L € REG can be recognized by a DFA.

Lemma 10.23
Every DFA can be transformed into an equivalent LL(1) grammar.

Proof.
see Exercise 4.1

RWTH
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