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Expansion laws imuses 128
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Expansion law for U cruses 138

until: Uy = ¥ V (e AO(eU))
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Expansion laws for U and ¢

until: Uy =

eventually: QY

LTLSF3.1-28

Y V (e AO(pU9))
v vV O
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Expansion laws for U and ¢ P

until: Uy = ¥ V (e AO(eU))
v vV OO0y

eventually: O

note: QY = true Uy




Expansion laws for U and ¢

until: Uy = ¥ V (e AO(eU))
v vV OO0y

eventually: O

note: QY = trueU vy
=9 V (true A O(trueUv))




Expansion laws for U and ¢

until: Uy = ¥ V (e AO(eU))
v vV OO0y

eventually: O

note: QY = true Uy

=9 V (true A O(trueUv))
=0y




Expansion laws for U and ¢

until: Uy = ¥ V (e AO(eU))
v vV OO0y

eventually: O

note: QY = trueU vy
=9 V (true A O(trueUv))
= Qv
=y VvV OO0




Expansion laws for U, ¢ and [ S

until: Uy = ¥ V (e AO(eUv))

P vV O
?

eventually: O

always: Ly
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Expansion laws for U, ¢ and [ S

until: Uy = ¥ V (e AO(eUv))
eventually: Qv = ¢ v OO
always: by = o A OOy
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Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eUv))
eventually: Qv = ¢ v OO
always: by = o A OOy

Oy = 0




Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eUv))
eventually: Qv = ¢ v OO
always: by = o A OOy

= =0

= (= VvV O0) «

expansion law for ¢




Expansion laws for U, ¢ and OJ

until:

Uy = ¥ V (e AO(pU1))

eventually: Qv = ¢ v OO
always: by = o A OOy
= =0

(¢ v O0)

de Morgan




Expansion laws for U, ¢ and OJ

until: eUP = P V (¢ AO(eU))
eventually: W =Y Vv O
always: Oy = ¢ A QO
Y= =07
= (¢ Vv O0)
= - A Q0

Y A OO0

double negation
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Expansion laws for U, ¢ and OJ

until: Uy = ¢ V (e AQ(pU))
eventually: W =9y Vv O
always: Oy = ¢ A QO
e
= (- Vv O0)
= - A Q0
= P A OO0 <« self duality of O




Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eUv))
eventually: Qv = oY v OO
always: oy = ¥ A QO
= 0
= (= Vv O0)
= Y A O
= v AN Qy < definition of O




Expansion laws are fixed point equations imse3 1-30

until: pUvy

Y V (e AO(eU))

eventually: Qv v VvV OO0

always: Ll

Y A O
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Expansion laws are fixed point equations

until:

eventually:

always:

pUy

oY

L)

YV (pAO

v Vv O

v A QO

LTLSF3.1-30

pU

oY

Ll
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Expansion laws are fixed point equations imse.1.30

until:

eventually:

always:

pU¥|l= ¥ V (eAQ|eUy))
O = v Vv Q0¥
O] = v A O

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A QOa

consider

PY=a
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Expansion laws are fixed point equations imse.1.30

until:

eventually:

always:

pU¥|l= ¥ V (eAQ|eUy))
O = v Vv QY
O] = v A O

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A OOa

although
Oa # false
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Expansion laws are fixed point equations imse.1.30

until:

eventually:

always:

oY

iy

Uy = ¢ Vv

YV

Y A

(o AO(pU))

least fixed point

OOy

least fixed point

Oy

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A OOa

although
Oa # false
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Expansion laws are fixed point equations imse.1.30

until:

eventually:

always:

Uy = 9 Vv
W =9V
Ly = ¢ A

(o AO(pU))

least fixed point

OOy

least fixed point

Oy

greatest fixed point

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A OOa

although
Oa # false
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Expansion law for U LTLSFS.1-31

The LTL formula x = ¢ U4 is the least solution of
X =9V (pAOX)
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Expansion law for U LTLSFS.1-31

The LTL formula x = ¢ U4 is the least solution of
X =9V (pAOX)

i.e., Words(o U1) least LT-property E s.t.
E= WOI’dS(’(,b) U {AOA1A2... € WOI'dS(QO) 1 AjA... € E}
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Expansion law for U LTLSFS.1-31

The LTL formula x = ¢ U4 is the least solution of
X =9V (pAOX)

i.e., Words(o U1) least LT-property E s.t.
E= WOI'dS(’(,b) U {AOA1A2... € WOI'dS(QO) 1 AjA... € E}

It even holds that Words(yp U ) least LT-property E s.t.

(1) Words(y) C E
(2) {A0A1A2... € WOI’dS(QD) : AjAs... € E} CE
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The weak Until Operator W LTLSF3.1-WEAKUNTIL
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The weak until Operator W LTLSF3.1-WEAKUNTIL

pWy ¥ (pUy) v Op
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The weak until operator W

LTLSF3.1-WEAKUNTIL

oW1

def

(eUy) v Op

deriving “always” and “until” from “weak until”:
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The weak until Operator W LTLSF3.1-WEAKUNTIL

pWy ¥ (pUy) v Op

deriving “always” and “until” from “weak until”:

Oy = W false
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The weak until operator W

LTLSF3.1-WEAKUNTIL

oW1

¥ (pUy) v Op

deriving “always” and “until” from “weak until”:

O

pUy

oW false
?
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The weak until operator W

LTLSF3.1-WEAKUNTIL

oW1

¥ (pUy) v Op

deriving “always” and “until” from “weak until”:

O

eUy

oW false
(e W) A Oy
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Does T |= aWb hOId? LTLSF3.1-32

{a}
{6}

I 1
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Does T |= aWb hOId? LTLSF3.1-32

{a}

= aWb ®
@ = {b}

I 1
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Does 7 = aW b hold?

= aWb

OGN N

LTLSF3.1-32

{a}
{6}

%]

I 11

At
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Does T |= aWb hOId? LTLSF3.1-32

{a}
{6}

%]

= aWb

ONCN
I 11

f I aWb (even aUb)
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Does T |= aWb hOId? LTLSF3.1-32

{a}
{6}

%]

= aWb

f I aWb (even aUb)

ONCN
I 11
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Does T |= aWb hOId? LTLSF3.1-32

{a}
{6}

%]

= aWb

ONCN
I 11

f I aWb (even aUb)

= aWb
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Example: simple communication protocol muse3 133

( try_to_send j

delivered
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Example: simple communication protocol muse3 133

T = O(blue —> blue U delivered)
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Example: until versus weak until ——

( try_to_send j

delivered

T = O(blue —> blue U delivered)
T = O(blue — blue W delivered)
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Example: until versus weak until ——

( try_to_send j

constrained liveness:

T = O(blue —> blue U delivered)

delivered

safety: T | O(blue — blue W delivered)

41/154



D Ua I ity Of U a nd W LTLSF3.1-WEAKUNTIL2

pWy ¥ (pUy) v Op

goal: express ~(¢ U1) via W, and vice versa
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Duality Of U and W LTLSF3.1-WEAKUNTIL2

pWy ¥ (pUy) v Op

—~(pUv)
= ((pA9) U (~e A=) V O(p A=)
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Duality Of U and W LTLSF3.1-WEAKUNTIL2

pWy ¥ (pUy) v Op

(e Uv)
= ((pA9) U (~e A=) V O(p A=)
= (A Y)W (o A)
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Duality Of U and W LTLSF3.1-WEAKUNTIL2

pWy ¥ (pUy) v Op

—~(pUv)
= ((pAY) U (npA—9)) Vv O(p A1)
= (P A Y)W (e A—)
= (—¢) W (= A )



Duality of U and W

pWy ¥ (pUy) v Op

—~(pUv)
= ((pAY) U (npA—9)) Vv O(p A1)
= (P A Y)W (e A—)
= (—¢) W (= A )

(e Uy) = () W(-pA—)
~(pWy) = 7




Duality of U and W

pWy ¥ (pUy) v Op

—~(pUv)
= ((pAY) U (npA—9)) Vv O(p A1)
= (P A Y)W (e A—)
= (—¢) W (= A )

(e Uy) = () W(-pA—)
(pW7y) = (-0) U (-pA—)




Expansion laws for U and W LTLSFS. 1-34
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Expansion laws for U and W

LTLSF3.1-34

v Uy

oW

Y V (e AO(eU))
?
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Expansion laws for U and W

LTLSF3.1-34

v Uy

oW1

YV (e AO(eU))
Y V (¢ AO(p W)
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Expansion laws for U and W

LTLSF3.1-34

v Uy

oW1

YV (e AO(eU))
Y V (¢ AO(p W)

smallest
solution
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Expansion laws for U and W

LTLSF3.1-34

pUyp = 9V (pAO(pUY)) Zg}ﬂ't'.ffﬁ
PWH = bV (AOpWy) et
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Expansion laws for U and W LTLSFS. 1-34

smallest

pUy = 9V ((PAO((/QUQ’&)) solution

¥V (e AO(p W) s|§|rugteicsatn

oW1

Words( U 1) smallest LT-property E s.t.
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Expansion laws for U and W LTLSFS. 1-34

pUyp = 9V (pAO(pUY)) Zg}ﬂ't'.‘ffﬁ
PWH = bV (AOpWy) et

Words( U 1) smallest LT-property E s.t.

(1) Words(y) C E
(2) {A0A1A2... € WOI'dS(QO) . AjAs... € E} CE




Expansion laws for U and W LTLSFS. 1-34

pUyp = 9V (pAO(pUY)) 22}31'.‘255
PWH = bV (AOpWy) et

Words( U 1) smallest LT-property E s.t.

(1) Words(y) C E
(2) {A0A1A2... € WOI'dS(QO) . AjAs... € E} CE

)

Words(y) U {AgA1As... € Words(p) : AA,...€ E} CE
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Expansion laws for U and W LTLSF3. 1345

pUyp = 9V (pAO(pUY)) Zg}ﬂ't'.‘ffﬁ
PWH = bV (AOpWy) et

Words(y U 1) smallest LT-property E s.t.
Words() U {AjA1As... € Words(p) : AjAy...€ E} CE
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Expansion laws for U and W LTLSF3. 1345

pUyp = 9V (pAO(pUY)) Zg}ﬂ't'.‘ffﬁ
PWH = bV (AOpWy) et

Words(y U 1) smallest LT-property E s.t.
Words() U {AjA1As... € Words(p) : AjAy...€ E} CE

Words(¢o W 1)) largest LT-property E s.t.
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Expansion laws for U and W LTLSF3. 1345

pUyp = 9V (pAO(pUY)) 22}31'.‘255
PWH = bV (AOpWy) et

Words(y U 1) smallest LT-property E s.t.
Words() U {AjA1As... € Words(p) : AjAy...€ E} CE

Words(¢o W 1)) largest LT-property E s.t.
WOI’dS(’l,b) U {A0A1A2... € WOI’dS((p) 1 AjA... € E} O E

58 /154



Expansion laws for U and W LTLSF3. 1345

pUyp = 9V (pAO(pUY)) 22}31'.‘255
PWH = bV (AOpWy) et

Words(y U 1) smallest LT-property E s.t.
Words() U {AjA1As... € Words(p) : AjAy...€ E} CE

Words(¢o W 1)) largest LT-property E s.t.
E C WOI'dS(’l/)) U {A0A1A2... € WOde((p) . AjA... € E}
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Expansion laws for U and W LTLSFS. 134

eUyp = ¢ V (eAO(pUY))

smallest solution

eWy = ¢ V (e AO(pW))

largest solution
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Expansion laws for U, W, ¢, and (O LTLSF3.1-34A
Uy = 9 V (e AO(rU))
smallest solution
Y = ¢ v OO

smallest solution

eWy = ¢ V (e AO(pW))

largest solution

e = oAQOOyp _
largest solution

remind: Qv = trueU, Op = oW false
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Positive normal form (PNF) LILSF.1-35
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Positive normal form (PNF) LILSF.1-35

e negation only on the level of literals

e uses for each operator its dual
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PNF for propositional logic LTLSF3.1-35

e negation only on the level of literals

e uses for each operator its dual

syntax of propositional formulas in PNF:

@ = true|false|a|—|a|<p1/\<p2 w1V o
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PNF for propositional logic LTLSF3.1-35

e negation only on the level of literals

e uses for each operator its dual

syntax of propositional formulas in PNF:

@ = true|false|a|—na|<p1/\<p2 w1V o

~true = false duality of the
constant truth values

—(p1 A p2) = =1V -y duality of V and A
(de Morgan's law)
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LTL in positive normal form (PNF) LTLSF3. 1350

e negation only on the level of literals

e uses for each operator its dual
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LTL in positive normal form (PNF) LTLSF3. 1350

e negation only on the level of literals

e uses for each operator its dual

p = true|false|a|—-a|cp1/\<p2 01V o

using duality of constants and duality of V and A
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LTL in positive normal form (PNF) LTLSF3. 1350

e negation only on the level of literals

e uses for each operator its dual

@ = true | false | a | -a | ©1 A\ P2 | 01V o
QO + dual operator for O

using duality of constants and duality of V and A
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LTL in positive normal form (PNF) LTLSF3. 1350

e negation only on the level of literals

e uses for each operator its dual

p u=

true | false | a|—-a|<p1/\<p2 | 901V<P2|

Oy +

no new operator needed for ()

using duality of constants and duality of V and A

Q¢ = O¢ self-duality of the next operator
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LTL in positive normal form (PNF) LTLSF3. 1350

e negation only on the level of literals

e uses for each operator its dual

p = true | false | a|—-a|<p1/\<p2 | <p1V<P2|

Oy | w1 Uy + dual operator for U

using duality of constants and duality of V and A

Q¢ = O¢ self-duality of the next operator
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LTL in positive normal form (PNF) LTLSF3. 1350

e negation only on the level of literals

e uses for each operator its dual

p = true|false|a|—-a|<p1/\<p2 01V o

Q¢ | e1Ug2 | ;1 We

using duality of constants and duality of V and A

Q¢ = O¢ self-duality of the next operator

(11U 2) = (mp2) W(mp1 A —2)
duality of U and W
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Derivation of ¢ and O in LTL-PNF LTLsF3.1-358

p = true|false|a|—-a|<p1/\<p2 01V o

Qe | prUe2 | p1 W2




Derivation of ¢ and O in LTL-PNF LTLsF3.1-358

p = true|false|a|—-a|<p1/\<p2|<p1v<p2|
Qv | e1Upa | e W2 | Op | Op

¢ and O can (still) be derived:

Qp def true U ¢

Ol f @ W false

73 /154



Universality Of LTL-PNF LTLSF3.1-36
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Universality of LTL-PNF LTLSF3.1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF
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Universality of LTL-PNF LTLSF3.1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ¢ ~» LTL formula in PNF ¢’
by successive application of the following rules:
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Universality Of LTL-PNF LTLSF3.1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ¢ ~» LTL formula in PNF ¢’
by successive application of the following rules:

—true ~ false

(p1 Apa) ~ 1 Vo

al01% ~ Oy

“(e1Ug2) ~ (m42) W(—p1 A )
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Universality Of LTL-PNF LTLSF3.1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ¢ ~» LTL formula in PNF ¢’
by successive application of the following rules:

—true ~ false
(1 Ap2) ~ D1 Voo
al01% ~ Oy

(p1U) ~ (mp2) W(—p1 A )

exponential-blow up is possible
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Example: LTL g LTL-PNF LTLSF3.1-37

~true ~» false

g ~

(1 Ap2) ~ —p1 Vo

~Op ~ Oy

“(p1Upr) ~ (2p2) W(=p1 A —p2)
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Example: LTL g LTL-PNF LTLSF3.1-37

~true ~+ false 4+ analogue rule for ~false
177 ~ P

(1 A2) ~> 1V -ps + analogue rule for Vv
~O¢ ~ O

(p1Up) ~ (mp2) W(—p1 A —)

80 /154



Example: LTL g LTL-PNF LTLSF3.1-37

~true ~+ false 4+ analogue rule for ~false
- ~ P

(1 A2) ~> 1V -ps + analogue rule for Vv
~O¢ ~ O

(p1Up) ~ (mp2) W(—p1 A —)

O ~w Ohp —lp ~ O
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Example: LTL g LTL-PNF LTLSF3.1-37

~true ~+ false 4+ analogue rule for ~false
- ~ P

(1 A2) ~> 1V -ps + analogue rule for Vv
~O¢ ~ O

(p1Up) ~ (mp2) W(—p1 A —)

O ~w Ohp —lp ~ O

~0O((aUb) v Oc)
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Example: LTL g LTL-PNF LTLSF3.1-37

~true ~+ false 4+ analogue rule for ~false
- ~ P

(1 A2) ~> 1V -ps + analogue rule for Vv
~O¢ ~ O

(p1Up) ~ (mp2) W(—p1 A —)

O ~w Ohp —lp ~ O

-0((aUb) v Qc)
= O((aUb) v Qc) +|duality of ¢ and O
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Example: LTL g LTL-PNF LTLSF3.1-37

~true ~+ false 4+ analogue rule for ~false
(1 Ap2) ~» =1V -y + analogue rule for =V
~O¢ ~ O
(p1Up) ~ (mp2) W(—p1 A —)

-0O((aUb) v QOc)
= O((aUb) v Qc) +|duality of ¢ and O

= O(—(aUb) A =) +|duality of A and V
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Example: LTL g LTL-PNF LTLSF3.1-37

~true ~+ false 4+ analogue rule for ~false
(1 A2) ~> 1V -ps + analogue rule for Vv
~Op ~ O
“(p1Upa) ~ (mp2) W(=p1 A =)

-0O((aUb) v QOc)
= O((aUb) v Qc) +|duality of ¢ and O
= O(—-(aUb) A =) +|duality of A and V
= Q(—-(aUb) A O-c) < self-duality of O
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Example: LTL g LTL-PNF LTLSF3.1-37

~true ~+ false 4+ analogue rule for ~false
(1 A2) ~> 1V -ps + analogue rule for Vv
s OX” ~ Oy
(p1Up) ~ (mp2) W(—p1 A —)

-0O((aUb) v QOc)
= O((aUb) v Qc) +|duality of ¢ and O
= O(—-(aUb) A =) +|duality of A and V
= O((-b)W(—a A —=b) A O—c) ¢ duality of U and W
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Example: LTL g LTL-PNF LTLSF3.1-37

~true ~+ false 4+ analogue rule for ~false
- ~ P

(1 A2) ~> 1V -ps + analogue rule for Vv
~O¢ ~ O

(p1Up) ~ (mp2) W(—p1 A —)

O ~w Ohp —lp ~ O

-0O((aUb) v Qc)

O-((aUb) v Oc)

O(=(aUb) A ~Ox)

O((—~b) W(=a A =b) A O—c) «+—|PNF]
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Fairness in LTL LTLSF3.1-38
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Recall: action-based fairness LTLSF3.1-38
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS T = (S, Act, —, So, AP, L):
F = (-F ucondy F. strong s F weak)

Where .Fucond, .Fstrong; ]:weak g 2ACt

Fucond unconditional fairness assumption
Fitrong Strong fairness assumption
Fuweak Weak fairness assumption
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS T = (S, Act, —, So, AP, L):

F = (-F ucondy F. strong s F weak)

Act
Where .Fucond, -Fstrongy J:weak g 2

. a1 (05 Q3 .
execution g — §§ —> 55 — ... F-fair if
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS T = (S, Act, —, So, AP, L):
F = (-F ucondy F. strong s F weak)

Act
Where .Fucond, .Fstrong; ]:weak g 2

. a1 (05 Q3 .
execution g —> 5§ — 55 — ... F-fairif

e forall A€ Fucond: oEcl)iz l.o;€A
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS T = (S, Act, —, So, AP, L):
F = (-F ucondy F. strong s F weak)

Act
Where .Fucond, fstrong; J:weak g 2

. a1 (05 Q3 .
execution g —> 5§ — 55 — ... F-fairif

e forall A€ Fucond: OECIJ i>1l.o, €A
o for all A € Fatrong:

Ji>1ANAct(s)#0 = Ji>l.a, €A
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS T = (S, Act, —, So, AP, L):
F = (-F ucondy F. strong s F weak)

Act
Where .Fucond, fstrong; J:weak g 2

. a1 (05 Q3 .
execution g —> 5§ — 55 — ... F-fairif

e forall A€ Fucond: ofcl)izl.a,'eA
o for all A € Fatrong:

Ji>1ANAct(s)#0 = Ji>l.a, €A
o forall A€ Fea:

Vi>1LANAct(s)#@ = Ji>l.o; €A
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Recall: action-based fairness LTLSF3.1-38
fairness assumption for TS T = (S, Act, —, So, AP, L):
F = (-F ucondy F. strong F weak)

Act
Where .Fucondy fstrongy ]:weak g 2

satisfaction relation for LT-properties under fairness:

T Ex E iff for all F-fair paths w of T
trace(w) € E

95 /154



Process fairness is LTL-definable LTLSF3.1-5
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Process fairness is LTL-definable

LTLSF3.1-5

o = true |a| prAp2| 9| O¢| eV

eventually Q¢ & trueU ©
always Oy def Q-
infinitely often 0o ¢
eventually forever QO
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Process fairness is LTL-definable

LTLSF3.1-5

o = true |a| prAp2| 9| O¢| eV

eventually Q¢ & trueU ©
always Oy def Q-
infinitely often 0o ¢
eventually forever QO

e.g., unconditional fairness [{crit;

strong fairness OO wait; — Ocrit;
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Process fairness is LTL-definable

LTLSF3.1-5

o = true |a| prAp2| 9| O¢| eV

eventually Q¢ & trueU ©
always Oy def Q-
infinitely often 0o ¢
eventually forever QO

e.g., unconditional fairness [{crit;
strong fairness OO wait; — Ocrit;

weak fairness O0wait; — OO crit;
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LTL fairness assumptions LTLSF3.1-39
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LTL fairness assumptions LTLSF3.1-39

... are conjunctions of LTL formulas of the form:

e unconditional fairness Q¢
e strong fairness O0¢1 — OOp
e weak fairness O0¢1 — OO

where ¢1, ¢, ¢ are propositional formulas
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LTL fairness assumptions LTLSF3.1-39

... are conjunctions of LTL formulas of the form:

e unconditional fairness Q¢
e strong fairness O0¢1 — OOp
e weak fairness O0¢1 — OO

where ¢1, ¢, ¢ are propositional formulas

If fair is a LTL fairness assumption, s a state ina TS
and ¢ an LTL formula then
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LTL fairness assumptions LTLSF3.1-39

... are conjunctions of LTL formulas of the form:

e unconditional fairness Q¢
e strong fairness O0¢1 — OOp
e weak fairness O0¢1 — OO

where ¢1, ¢, ¢ are propositional formulas

If fair is a LTL fairness assumption, s a state in a TS,
and ¢ an LTL formula then

s Egir ¢ iff for all m € Paths(s):
if  |= fair then 7 |=
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LTL fairness assumptions LTLSF3.1-39

... are conjunctions of LTL formulas of the form:

e unconditional fairness Q¢
e strong fairness O0¢1 — OOp
e weak fairness O0¢1 — OO

where ¢1, ¢, ¢ are propositional formulas

If fair is a LTL fairness assumption, s a state in a TS,
and ¢ an LTL formula then

s Egir ¢ iff for all m € Paths(s):
if  |= fair then 7 |=

iff s = fair — ¢
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Randomized arbiter for MUTEX

Ti .

entery| |release

LTLSF3.1-40

T2 :

enter,

release
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Randomized arbiter for MUTEX LTLSF3.1-40

T2 :

enter,

release
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Randomized arbiter for MUTEX LTLSF3.1-40

T2 :

enter,

release

(71 ||| T2) || Arbiter

noncrltl toss_coin noncrltg

[noncrltl head noncrltzj [noncrltl tail noncrltgj
enter; enter;
release

[crltl lock noncrltgj [noncrltl lock crltgj
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Randomized arbiter for MUTEX LTLSF3.1-40

T2 :

enter,

release

(71 ||| 72) || Arbiter [ Oocrity A Ocrits

noncrltl toss_coin noncrltg

[noncrltl head noncrltzj [noncrltl tail noncrltgj
enter; enter;
release

[crltl lock noncrltgj [noncrltl lock crltgj
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Randomized arbiter for MUTEX

LTLSF3.1-40

T2 :

enter,

release

unconditional LTL-fairness:

fair = OOhead A Otail
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Randomized arbiter for MUTEX LTLSF3.1-40

T2 :

enter,

release

unconditional LTL-fairness:
fair = OOhead A Otail
(71 ||| 72) || Arbiter |=gir OOcrity A Odcrit,
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Correct or wrong? LTLsE. 141

T LTL fairness assumption
fair = O0a — OOb

® ={a} @ ={b}
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Correct or wrong? LTLsE. 141

T LTL fairness assumption
fair = O0a — OOb

® ={a} @ ={b}

T Eeir Qb ?
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Correct or wrong? LTLsE. 141

T LTL fairness assumption
fair = O0a — OOb

® ={a} @ ={b}

T Feir Ob  as 050505000 ... s fair
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Correct or wrong? LTLsE. 141

T LTL fairness assumption
fair = O0a — OOb

® ={a} @ ={b}

T Feir Ob  as 050505000 ... s fair

T ki aUb 7
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Correct or wrong? LTLsE. 141

T LTL fairness assumption
fair = O0a — OOb

® ={a} @ ={b}

T Feir Ob  as 050505000 ... s fair

T Egir aUb +/
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Correct or wrong? LTLsE. 141

T LTL fairness assumption
fair = O0a — OOb

® ={a} @ ={b}

T Vrir Qb  as 0505050050 . s fair
T Egir aUb +/
T iy aUO(b < Qa) ?
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Correct or wrong? LTLsE. 141

T LTL fairness assumption
fair = O0a — OOb

® ={a} @ ={b}

T Vrir Qb  as 0505050050 . s fair

T Wi aUO(b + Oa)
as 005050050 . s fair

117 /154



LTL-fairness assumptions LTLSF3.1-50

e can be necessary to prove liveness properties, e.g.,
mutual exclusion with arbiter/semaphore

Teem - Obcrity A Odcrity
Teem Erir OOcritt A Ocrity
for appropriate fairness condition
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LTL-fairness assumptions LTLSF3.1-50

e can be necessary to prove liveness properties, e.g.,
mutual exclusion with arbiter/semaphore

Teem - Obcrity A Odcrity
Teem Erir OOcritt A Ocrity
for appropriate fairness condition, e.g.,

fair = A ((OOwait; — O0crit;) A
i=1,2
(OOnoncrit; — D(}wait,-))
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LTL-fairness assumptions LTLSF3.1-50

e can be necessary to prove liveness properties, e.g.,
mutual exclusion with arbiter/semaphore

Teem - Obcrity A Odcrity
Teem Erir OOcritt A Ocrity
for appropriate fairness condition

e can be verifiable system properties

e.g., Peterson algorithm guarantees strong fairness

Tree E OOwaity — Ocrity
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LTL-fairness assumptions LTLSF3.1-50

e can be necessary to prove liveness properties, e.g.,
Teem - Obcrity A Odcrity
Teem FErir OOcritt A Ocrity
for appropriate fairness condition

e can be verifiable system properties, e.g.,
Trer E OOwait; — Ocrity

e are irrelevant for verifying safety properties

T |= Psafe iff T |=fair Psafe

if fair is realizable
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Correct or wrong? LTLSE. 142

Each strong LTL fairness assumption
fair = O0a — OOb
is realizable for each TS over AP = {a, b, ...}.
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Correct or wrong? LTLSE. 142

Each strong LTL fairness assumption
fair = O0a — OOb
is realizable for each TS over AP = {a, b, ...}.

recall: a fairness condition is called realizable
if for each reachable state s there exists
a fair path starting in s

123 /154



Correct or wrong? LTLSE. 142

Each strong LTL fairness assumption
fair = O0a — OOb
is realizable for each TS over AP = {a, b, ...}.

wrong

{b} fair = 00a — OOb

is not realizable

{a}
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Action-based fairness ~ LTL-fairness s 145
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Action-based fairness ~ LTL-fairness s 145

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s - ... for some o € A

taken(A) € L(s) iff for all transitions ... — s:
a€A
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Action-based fairness ~ LTL-fairness s 145

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s - ... for some o € A

taken(A) € L(s) iff for all transitions ... — s:
a€A

e unconditional A-fairness: O taken(A)
e strong A-fairness: [{enabled(A) — OO taken(A)
e weak A-fairness:  QOenabled(A) — OO taken(A)
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Action-based fairness ~ LTL-fairness s 145

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s - ... for some o € A

taken(A) € L(s) iff for [all] transitions ... = s:
a€A

problem: each state s can have several incoming
transitions

B

o
t—s, u—s, ...
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Action-based fairness ~~» LTL-fairness

LTLSF3.1-43

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s - ... for some o € A

taken(A) € L(s) iff for [all] transitions ... = s:
a€A

alternative 1: ad-hoc choice of “taken-predicate”

alternative 2: modify the given transition system

by adding an action component
to the states

129 /154



Ad-hoc: action fairness ~» LTL-fairness s 1

~
ncy ncy y=1

(wait; ncy y=1 nc; waity y=1)

enter,
(crity ncy y=0) (ncy crity y=0)
request, enten
crit; waity y=0 wait; crity y=0
y y

TS for mutual exclusion with semaphore
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Ad-hoc: action fairness ~» LTL-fairness s 1

~
ncy ncy y=1

(waity nc, y=1 nc; waity y=1)

enter,
(crity ncy y=0) (ncy crity y=0)
request, enten
crit; waity y=0 wait; crity y=0
y y

| | = enabled({enten})

TS for mutual exclusion with semaphore
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Ad-hoc: action fairness ~» LTL-fairness s 1

~
ncy ncy y=1

(waity nc, y=1 nc; waity y=1)

enter;
(crity nc, y=0) (ncy crit, y=0)
request, enten
(crit; wait, y=0) (waity critp y=0)
| | = taken({enten})
| | = enabled({enten})

TS for mutual exclusion with semaphore
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Ad-hoc: action fairness ~» LTL-fairness s 1

~
ncy ncy y=1

(waity nc, y=1 nc; waity y=1)

enter,
(crit; nc; y=0) (ncy crit, y=0)
request, enten
(crit; wait, y=0) (waity critp y=0)

N
L

taken({enter,})
enabled({enter, })

crity
wait; A —crity

I 1
I 1
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Ad-hoc: action fairness ~» LTL-fairness P

~
ncy ncy y=1

(waity nc, y=1

enter,
wait; wait,
y=1

nc; waity y=1)

(crit; nc, y=0) (ncy crity y=0)
request, enten
(crit; wait, y=0) (waity critp y=0)
| | = taken({enten}) = crity
| | = enabled({enter}) = wait; A —crity

strong {enter; }-fairness: LTL formula
0O enabled({enter,}) — [0 taken({enter })
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Ad-hoc: action fairness ~» LTL-fairness P

~
ncy ncy y=1

(waity nc, y=1

enter,
wait; wait,
y=1

nc; waity y=1)

(crity nc, y=0) (ncy crity y=0)
request, enten
(crit; wait, y=0) (waity critp y=0)
| ] = taken({enten}) = crity
| | = enabled({enter}) = wait; A —crity

00 enabled({enter;}) — [ taken({enter,})
= [O¢Q (waity A —crity) — O crity




Action-based fairness ~~» LTL-fairness

LTLSF3.1-46A

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s> ... for some o € A

taken(A) € L(s) iff for all transitions ... = s:
a€A

alternative 1: ad-hoc choice of “taken-predicate”

alternative 2: modify the given transition system

by adding an action component
to the states
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Action-based fairness ~~» LTL-fairness

LTLSF3.1-46A

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s> ... for some o € A

taken(A) € L(s) iff for all transitions ... = s:
a€A

alternative 1: ad-hoc choice of “taken-predicate”

alternative 2: modify the given transition system
by adding an action component
to the states
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Action-based fairness ~ LTL-fairness s 1T

transition system

T =(S,Act,—,...)
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Action-based fairness ~~» LTL-fairness

transition system

T =(S,Act,—,...)

LTLS!

F3.1-47

transition system

T = (SxAct, ..., AP, L)

/

-

(s, ...) A
B\
(s', B) (s",7)
............ )
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Action-based fairness ~ LTL-fairness s 1T

transition system transition system
T =(S,Act,—,...) T' = (S%xAct,...,AP', L)
4 s ) 4 (S, ) )
B /Y B /Y
s s (s', B) (s", 1
R L R )
strong A-fairness strong LTL-fairness

for AC Act OO enabled(A) — OO taken(A)
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Action-based fairness ~ LTL-fairness s 1T

transition system transition system
T =(S,Act,—,...) T' = (S%xAct,...,AP', L)
4 s ) 4 (S, ) )

B /Y B /Y
s s (s', B) (s", 1

IR L) T )
strong A-fairness strong LTL-fairness

for AC Act OO enabled(A) — OO taken(A)

enabled(A) € L'({s,a)) iff sﬁx .. for some g € A
taken(A) € L'({s,a)) iff a€ A
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Example: action fairness ~» LTL-fairness imised 1048

action-based fairness ~= LTL-fairness
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action-based fairness ~= LTL-fairness
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action-based fairness ~= LTL-fairness
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Example: action fairness ~» LTL-fairness imised 1048

action-based fairness ~= LTL-fairness
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Example: action fairness ~» LTL-fairness imised 1048

action-based fairness ~ LTL-fairness

strong fairness for {3}
[0 enabled(B) — OO taken(S)

146 / 154



Example: action fairness ~» LTL-fairness ... 3148

action-based fairness ~ LTL-fairness

strong fairness for {3}
00 enabled(B) — OO taken(S)
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Example: action fairness ~» LTL-fairness imised 1048

action-based fairness ~ LTL-fairness

strong fairness for {3}
[0 enabled(B) — OO taken(S)
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Example: mutual exclusion with semaphore ...

add additional variable last_action with domain Act U {begin}

~gnten
.
walit; ncy

req uiest1
Wait; waits
req uiest2

enter;

crit; waito

enter;

. )
nci; waity

request,

T

Wwait; waito

yi
request,
>< enter,
waity crit
=0

entery

entery
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Example: mutual exclusion with semaphore

LTLSF3.1-49

add additional variable last_action with domain Act U {begin}

crit; nc
=0

y_
enter;

crit; waito
=0

y_
request,

- -
nc; ncy Nnc; ncCo
reYeasel nci ncy reYeaseg
y=1 ncy crits
enter; begin yt:O
wait; ncy Hrequest; request>* nc; waitp cnier2
y= =1 enters
request; request,
entery enterp
Wait; waits ait1 waity)
y:
request, req uest1
enter; ‘ entersy
crit; waito 4“ wa|t1 cr|t2
entery enterg waity <(:)rit2
ncy critp nco

reYeasel

waity
eas
release,

releases

y_
request,

150 /154



Example: mutual exclusion with semaphore

LTLSF3.1-49

add additional variable last_action with domain Act U {begin}

crit; nc
=0

y_
entery

crit; waito
=0

y_
request,

- -
nci ncy nci ncy
reYeasel nci ncy reYeaseg
y=1 ncy crits
enter; begin yt:O
waity; ncy Hrequest; request>* nc; waitp cnier2
y= =1 " |enter,
request; request,
entery enterp
Wwait; waito a|t1 waity)
y:
request, request1
enter; ‘ entersy
crit; waitp 4“ wa|t1 cr|t2
entery enterg waity <(:)rit2
ncy critp Nnco

reYeasel

waity
eas
reieases

releases

y_
request,
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