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Introduction to Model Checking
(Summer Term 2018)

— Solution 10 (due 9th July) —

General Remarks

e The exercises are to be solved in groups of three students.

e You may hand in your solutions for the exercises just before the exercise class starts at 12:15 or by
dropping them into the “Introduction to Model Checking” box at our chair before 12:00. Do not
hand in your solutions via L2P or via e-mail.

e If a task asks you to justify your answer, an explanation of your reasoning is sufficient. If you are
required to prove a statement, you need to give a formal proof.

Exercise 1 (6 Points)

Consider the following CTL-formulae

¢, =30Vde and Py =V(aUVOc)

and the transition system outlined on the right. De-
cide whether T'S = ®; for ¢ = 1,2 using the CTL

model checking algorithm from the lecture. Do not .
forget to translate to existential normal form and @
compute the satisfaction sets for subformulae.

{c} {b, ¢} {c}

Solution:

We apply the CTL model checking algorithm from the lecture.
e TFirst consider the formula ®; = 30V c:
It can be expressed equivalently in ENF:
®, =30Vec
= E(true uvd c)
= H(true U -3¢0 —|c)
= J(true U =3 (true U —c))

The bottom up computation of the satisfaction sets yields:

Sat(true) = S

Sat(c) = {s2,53,54}
— Sat(—c) = {s0, 51}
(

— Sat(3(true U —c)) yields a backward search as follows:
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x B =T = Sat(—c) = {so, 1}
* Choose sg: As Pre(sg) =0, we get E = {s1}, T = {s0, 51}

*x Choose s1: Pre(s1) = {so}. But so ¢ Sat(true) \ T (i.e. it has already been visited), we
get E= ®7 T = {50331}'

=T = {So, 81}.
— Sat(—3(true U —c)) = S\ Sat(I(true U —c)) = S\ {so, 51} = {s2, 53, 54}

— Sat (EI (true U =3 (true U ﬂc))) again yields a backward search:

* E =T = Sat(-3(true U =c)) = {s2, 53,54}

* Choose sa: Pre(sz) = {s2, 3}, but all predecessors are already in T. = E = {s3,54},
T = {827 53, 84}~

Choose s3: Pre(ss) = {s1}. Here we have s; € Sat(true) and s; ¢ T. Therefore
T=TU{s1} ={s1,82,83,84} and E = EU{s1} = {s1, 54} (83 gets removed from F).

Choose s1: Pre(s1) = {so}. Again so € Sat(true) \ T and therefore T = T U {sp} = S
and E = EU{so} = {s0, 54}

Choose sg: Pre(sg) = 0 and we directly continue with s4 (F = {so},T = S).

*

*

*

Choose s4: Pre(ss) = {s1,s4} but s1, s4 are already in T. Therefore we stop with E = {).

*

= T = {s0, 51, 52, 83,54} = S
Therefore we have Sat(®,) = {sg, $1, S2, 83, 84} and Sy C Sat(P) = TS E &,
o &y =V(a UVOc). First, we transform @, into ENF:
V(@ UVOc)=-3((-V0c) U (ma A -VOc)) A-IO V)¢
=3((30-¢) U (ma A F0—=¢)) A =IO 30 e
=-3((30-¢) U (ma A IO =) A-I0-c (3030 ¥ = 30 %)

— Sat(a) = {s0, s1} and Sat(c) = {s2, s3, 84}

— Sat(—a) = {s2, s3, 84} and Sat(—c) = {sg, $1}-

— Sat(30 —c¢) is computed by a backward search starting in the S\ Sat(—c) states:
x B =5\ Sat(—c) = {s2, 83,84} and T = Sat(—c) = {so, s1}
* The counter array is initialized according to TS as follows:

clso] =1 (* sp has only one successor *)

cls1] =2 (* s3 and s4 are successors of s *)

% Choose sy € F and check for each of its predecessors Pre(sa) = {s2, s3} whether it belongs
to T
This is not the case, therefore we only remove so, E = {s3,84},T = {50, 1}

* Choose s3 € E: We have s; € Pre(s3)NT. Therefore with s3, we have found one successor
of s; which violates —¢. We decrement the number of possible successors of the state s;

cls1]i=¢fs1]—-1=2-1=1
and remove s3 from the set E: E = {s4}, T = {s0,51}-

* Choose sy € E: We have Pre(sy) = {s1,s4} and s; € T. = ¢[s1] :=¢[s1] —1 =0 and
E =10. As ¢[s1] =0, s is removed from T (all successor states violate —¢) and included
in E: E={s1}, T ={s0}

% Choose s1 € E with Pre(s1) = {so}. As sg € T, we decrement its counter ¢[sg] :=1—1 =0
and (because no successor state is left that could constitute a “good” path) remove it from
T =T\ {so} =0. Then, s is included in the set of “bad” states E = {s¢}.
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* Choose sy € F with Pre(sg) = (). Nothing changes and £ =, T = {.
The result is Sat(I0 —¢) =T = 0.
— Sat(=30-c) = S\ Sat(I—c) =S\ 0= S.
— Sat(—a N3O -¢) = Sat(—a) N Sat(I0 ~¢) = {s2, 83,841 N O = 0.

Sat(3(30 —c) U (maA30 —c)) invokes the 3W; U Wy backward search algorithm which directly
terminates, because E = Sat(—a A 30 —¢) = 0.

Sat(~3((30-¢) U (ma A30-0)) ) = $\ Sat(3((30 =) U (~a A 30-0))) = S\ 0 =

— Sat(®) = Sat(ﬂﬂ((EID -¢) U (ma A 30 ﬁc))) N Sat(-30-¢) =SNS =9

- SO - Sat(‘bg) == TS5 ): b,

Exercise 2% (34243 Points)
Consider the following CTL formula ® and the fairness assumption sfair:
®=vVOVOa
sfair =00 (b A —a) — 00 3<b U (a A ﬂb))
——— N
dq v,

and transition system TS over AP = {a, b} which is given below.

TS :

Here, we abstract from the actions in TS as they are not relevant to the task.
(a) Determine Sat(®1) and Sat(¥q) (without fairness). Justify your answer.
(b) Determine Satsfq;r (30 true). Justify your answer.

(c) Determine Satsfqir(®). Justify your answer.

Solution:

(a) We determine the satisfaction sets without fairness.
e Consider &1 = b A —a.
— Sat(b) = {s0, 52,83}
— Sat(a) = {s0, 85}
— Sat(—a) = S\ Sat(a) = {s1, s2, 83, 84}
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— Sat(®1) = Sat(b) N Sat(—a) = {sg, s2, 53} N {s1,52,83,54} = {52, 53}
e Consider U1 =3(b U (a A —b)).
— Sat(a) = {s0, 85}
— Sat(b) = {so, s2,53}
Sat(—b) = S\ Sat(b) = S\ {so, 2,53} = {81, 54,55}
Sat(a A —b = Sat(a) N Sat(—b) = {so, s5} N {51, 84,85} = {s5}
Sat(Vq) yields a backwards search:
x B =T = Sat(a N —b) = {s5}.

* Choose s5 € E: Pre(ss) = {s2}. As so € Sat(b) \ T = {so0, 82,83} \ {s5} = {s0, 2,53}
we add so: E = {sa2}, T = {s2, 5}

* Choose so € E: Pre(ss) = {s0,51,55}. As so € Sat(b)\ T = {so, 52,53} \ {s2,85} =
{50783} we add S0 E = {50}, T = {80, 82,85}.

* Choose sg € E: Pre(sg) = {s1}. As s1 & Sat(b) \ T = {so0, s2, 83} \ {50, 52,55} = {s3}
we do not add so: E =0, T = {so, 52,55 }-

Therefore Sat(¥,) = {so, s2, S5}
(b) We determine Satgsqr (30 true) and have to consider three SCCs: {so,s1}, {s3,s4} and {s2,s5}.
e Initially T = 0.

e Consider the first SCC {sg,s1}. As sg € Sat(¥) the function CheckFair returns true.
=T=TU {30, 81} = {SQ, 31}

e Consider the second SCC {s3, s4}. It is s3,54 & Sat(¥1). Next we remove all states satisfying
®; (Sat(P1) = {s2,s3}) in the SCC. The resulting graph is acyclic as only the state s, remains.
Therefore the function CheckFair returns false.
=T = {So, 81}

e Consider the third SCC {s2,s5}. As s2,s5 € Sat(¥y) the function CheckFair returns true.
= T =T U{s2,85} = {50, 51,52, 85}

Therefore all states except s3, s4 satisfy the fairness constraints: Satsfq;r (30 true) = {so, 51, 52, 55}
(¢) First, we convert ® into ENF:
d =VOVOa

=-303d0-a
= —J(true U 30 —a)

We determine the satisfaction sets with respect to fairness.

Satspair(true) = Sat(true) = {so, s1, S2, 83, S4, S5}

Sat spair(a) = Sat(a) = {so,s5}

Sat sfair(—a) = S\ Satspair(a) = S\ {s0,55} = {51, 52,583,854}

For Satsfeir (30 —a) we have to create the graph G-, which looks as follows:
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The only SCC here is {s3, s4} which does not satisfy the fairness constraint as shown in part
Therefore Sat sfq; (30 —a) = 0.
o Satsgoir (3(true U (30-0)) ) = Sat (3(true U (30-a A agair)) ) =0

o Satspeir(P) = Satsfar (ﬂﬂ(true U (30 ﬂa))) =5\ Satsfair (3 (true U (30 ﬁa))) =S\0=25

As Sy C S, the formula ® is satisfied in T'S with respect to the fairness constraints sfair.

Exercise 3 (6 Points)

Consider the CTL-formula & = V[ (a — VO (b/\—u)) together with the following CTL fairness assumption

fair =00V O (aA=-b) =TO0VO (bA—a)
AOO3IOb—0O0b.

Check whether T'S |=f,;, ® for the transition system T'S below.

{a} {b}

S1

{a} {a, b}

Solution:

First we check the state formulae of the fairness assumptions. We have:

e Sat(V (O (aA-b)) = {s0,84}

by

e Sat(V( (bA—a)) = {s1}

C1

e Sat(I0b) =S
~
ba

° Sat(\b,/):{sQ,&l}

C2



f’ ’ RWNTH Lehrstuhl fiir Informatik 2 Intro. to Model Checking 2018
= Software Modeling and Verification Solution 10

Next we need to check for which states s € S the fairness assumption is realizable, that is s =f.i 0 true.

To show realizability it suffices to find a strongly connected node setE| that is reachable from s and satisfies
both constraints of fair.

Treatment of d1 under strong fairness  cinmii20s

fair = /\ (EK} —)D(}C;)

1<i<k

s i 30a iff there exists a non-trivial
strongly connected node-set D of G, such that

(1) D is reachable from s

(2) foralll<i<k:
DN =g or DN Sat(¢)# 2

G,: digraph that arises from T by removing all
states s’ with s’ }£ a

152 /132

While the statement from the lecture (and the corresponding algorithm) can only deal with strong fairness
constraints, weak fairness can be integrated easily. For the weak fairness constraint ¢ (Jby — [ o,
instead of requiring

DN Sat(by) =0 or DN Sat(cz) # 0,
we need
D ¢ Sat(bs) or D N Sat(ca) # 0.

We observe that the whole state space S is an SCC and therefore also a strongly connected node set. In
particular, we have

SN Sat(cy) # 0 and S N Sat(cy) # 0.

Therefore, all states that can reach S, i.e. for all s € S, it is s =4 30 true and we attach the special
atomic proposition af, to all s € S.

We translate @ into ENF as follows.

=V (a = VO (bA—a))
=30 ~(a = VO (b A —a))
= =30 ~(—a V VO (b A —a))
=30 (a A YO (DA —a))
= -3¢0 (a ATO (b Va))
= -3 (true Ua A0 (b V a))
=@’

We now apply (fair) CTL model checking for ®’:
o Satsr(a) = Sat(a) = {s1, 53,54}

1Mind the difference to an SCC which has to be maximal, i.e. an SCC cannot be a subgraph of a bigger SCC.
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Satfer(b) = Sat(b) = {s2, 54}

—b) = S\ Satsair(b) = {s0,51,53}
Satfer (b V a) = Sat(—bV a) = {so, 51, 53,54}
Satfer (30 (-bVa))...

For this subformula, we need to apply the CheckFair algorithm from the lecture on the subgraph
G_pvq that only keeps states in Sat(—bV a) = {so, s1, 3, 84}, which looks as follows:

0 {a}

{a} {a;b}
Recursive algorithm CheckFair(. . .)
pseudo code for CheckFair(C,k, A (O0b; — O0c))
1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1, ..., k} with C N Sat(¢;) = @,
remove all states in :
IF the resulting graph G is acyclic THEN return “false” FI
FOR ALL nontrivial SCCs D of G DO

IF CheckFair(D, k—1, A(OO0b—00¢;))

THEN return “true” #pr

0D
return “false”

215/132

G _pve has only one SCC C = {sg, s3, s4} for which CheckFair returns false, because
— CnNSat(c1) =CN{s1} =0, and
— after removing the states in Sat(b;) = {so, s4} the remaining graph is acyclic.

Intuitively, this answer also makes sense, because no state in C satisfies ¢; =V O (b A —a) but it
is impossible to avoid states that satisfy by =V O (a A —b) from some point on.

Hence Sat (30 (-0 V a)) =0

e Satfer(aNIO(—bVa)) =Sat(aANIO(-bVa)) =0
o Satsir (3 (true U (a A0 (=bV a))) = Sat(3 (true U (a AFO (b V a) A afeir)) =0
o Satsr (@) =S
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We have that Satser(®) = Satser(®') =5 D I and therefore T'S |=jqir .

Exercise 4 (5 + 3* Points)

*This exercise does not count towards the total number of points that you can achieve.
Not solving it does not decrease the percentage of points you achieved while solving it may
increase it.

Consider the fragment ECTL of CTL which consists of formulae built according to the following grammar:
bu=a|-a|PAD|Tp
pu=0Q |0 |2UD

ECTL-formulae are built by atomic propositions, negated atomic propositions, the Boolean connective
A and the path quantifier 3 together with the modalities (), and U. In particular, negation may only
appear in front of atomic propositions.

For two transition systems TSy = (S1, Act, —1, 1, AP, L1) and TSy = (Ss, Act, —>9, I, AP, L) , we define
TS; C TSy iff S; C SQ, —1C —=o, 1 =1 and Ll(S) = LQ(S) for all s € 5;.

(a) Prove by structural induction on the structure of the formula that for all ECTL-formulae ® and all
transition systems TSy, TSy with TS; C TS, it holds:

Hint: You may gain one additional point by showing that the statement does not hold if the definition
of TS; C TSy required only I7 C I, instead of I1 = I5.

(b) Formally prove that there exists a CTL formula ®; for which no equivalent ECTL formula ®5 exists.

Solution:

(a) We prove that for TS; C TS, and any arbitrary ECTL-formula ®, we have
TSiE® = TS @
We prove a slightly stronger claim, namely for all s € S;:
TS;,sE® = TSy,sF9. (10.1)
Since I; = I, we then have:
TS, =@
<~ Vsel, . TS;,s=®
Ml s e r, . TSo,s = @

gVSQIQ.TSQ,S):(I)
— TS, =@

In the following, for a path m = s¢s; ... we let 7[i] refer to s;.
We prove (|10.1)) by induction on the syntactic structure of ®:
e Induction base:

— Let ® =a € AP and TS;,s = ®. Then a € Ly(s). Because of TS; C TS,, we have s € Sy
and L (s) = La(s). Therefore a € La(s) and TS, s = a = ®.
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— Let ® = —a for a € AP (Note that we only allow negations of atomic propositions!) and
TS1,s = —a. Then a ¢ Li(s) = La(s) (since s € Sz). Therefore also T'Sq, s = —a.

e Induction step:

- Let@:‘l’l/\q)g:

TSl,S ): d
<~ TSl,S ': ®, and TSl,S ’: d,y

L TG, s = &) and TSy, s = 0y
< TSy, s =

— Let ® =3 V. We have

TS, s =@
= TS;,s=30 U
<= Jr € Pathsts,(s). T1=EQT
<= 3Ir € Pathsrg, (s). n[l]] = ¥
< J(s,a,s') € =1. TSy, =T (*w[1] =5 %)

—1C 2

I(s,a,8") €= .8 €Sy and TSy, s E U

L 3(s5,0,8') € 0. TSy, 8’ = T
<= 3Ir € Pathsts,(s). n[l] E ¥
<= I € Pathsys,(s). tEQU
= TSy,s 30 U

— TSy, s =@

— Let ® = 30 W. We have

TS1,s =@
e TS, s} 300
<= 3Ir € Pathstg,(s). n =0T
<= 3dr € Pathsrg, (s). Vi > 0. TSy, n[i] £ ¥

Because of S; C S, 7[i] € Sy for all ¢ > 0. By induction hypothesis, we have for all ¢ > 0:

TS,7li =¥ 25 TS, 7] = ©.

7 € Pathsrg, (s), so for all i > 0 it is 7[i] ¥ 7[i + 1] for some o; € Act. Since —;C—g, We
have [i] 5 7[i 4 1] for all i > 0 and therefore m € Pathsrs, (s). Therefore we have

I € Pathsrg, (s). Vi > 0. TSy, n[i] E ¥

= Jr € Pathsrs,(s). Vi > 0. TSy, w[i] = ¥
<= 3r € Pathsys,(s). n =0¥
= TSy, s =IOV
< TSy, s =

— Let ® = 3%, U ®,: Here, we have

TSl,S }: E'q)l U (I)Q
<= 3r € Pathsts, (s). 1 = &1 U Oy
<= 3r € Pathsts, (s). 37 > 0. 7[j] | P2 AVi < j. 7[i] | §q
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From S; C S5 it follows that 7[j] € Sy and that «[i] € S for alli € {0,...,5—1}. Applying
the induction hypothesis yields:

TS1,7[j] E @2 = TSy, 7[j] = @2

TSq, 7[i] = @1 = TSo,w[i] =®; forallie{0,...,5—1}

As —1C—5 we have 1 € Pathsrg,(s) as shown before. Therefore

Jr € Pathsrs, (s). 3j > 0. w[j] E P2 A Vi < j. 7[i] = @

= Jr € Pathsrs,(s). 35 > 0. w[j] = P2 AVi < j. 7[i] = 4
<= 3Ir € Pathsys,(s). 7 = @1 U &y

<= TSy, s =30, U &y

Finally, we illustrate that the claim does not hold if we require I; C I, instead of Iy = Is. Consider
the ECTL formula ® = 300 a and the two transition systems T'S; and TSy below.

| | |

TS, : {a} TS, : {a} 0

Except for Iy = I, we have TS; C TSy. We do have I C I,. We observe TS; = ®. However, in
TS, there is an initial state, namely so with so = ® and therefore TSs = ®, which is a contradiction
to the claim.

(b) We prove that the formula ®; = Va is not equivalent to any ECTL formula ®5. For the sake of
contradiction, assume that there is ®5 in ECTL such that ®; = ®5. Consider the following transition

systems T'S; and TSs.
{a} {a}
T81 : TSQ :

0

It is TS; € TSo and TS; | ®; and therefore TSs | Py since ®; = 5. By the theorem that we
proved, we have that TS; = &3 = TS, = @5 and therefore TSy = ®; since &1 = $2. However,
we find that TSy £ @, contradiction.

10



