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Prof. Dr. Ir. Dr. h. c. Joost-Pieter Katoen Christian Hensel, Matthias Volk

Introduction to Model Checking
(Summer Term 2018)

— Solution 7 (due 18th June) —

General Remarks

e The exercises are to be solved in groups of three students.

e You may hand in your solutions for the exercises just before the exercise class starts at 12:15 or by
dropping them into the “Introduction to Model Checking” box at our chair before 12:00. Do not
hand in your solutions via L2P or via e-mail.

e If a task asks you to justify your answer, an explanation of your reasoning is sufficient. If you are
required to prove a statement, you need to give a formal proof.

Exercise 1 (3+3 Points)

Let ¢ and ¢ be LTL formulae. Consider the following new operators.

e “At next” ¢ AX1 <= the next time at which ¢ holds, ¢ also holds.

e “While” ¢ WH1 <= ¢ holds at least as long as 1 holds.

e “Before™ @B <= if ¥ holds at some point, ¢ does so (strictly) before.
(a) Formalize the semantics of these operators on infinite words o € (24F)~.

(b) Show that these operators are LTL-definable by providing equivalent LTL formulae.
Hint: You may use both the until and weak until operator.

Solution:

In the following, let o = AgA; ... € (24F)%,

(a)
o pAXY = ViZO.((AiAHl...}:1p/\VO§j<i.AjAj+1...béw) — A A .. :<p)
o oWHY < wzo.((vogja.AjAjH...|=¢) — V0§k<z’.AkAk+1...|:<p>
@By = Vi>0 (Aidipr...Fv = 0<j<iAjAj... )

o=@ AXY
<:>V7320.((A,»Ai+1...):¢/\VO§j<i.AjAj+1...bé¢) — AiAi+1...):<p)
<:>Vi20.((AiAi+1... S AV0 < j<iAjAjr ... =) = AAj .. |:(p)
=T > 0. (AAi1 .. . EUAVO< j <iAjAjr.. . A AidAipr ... E Q) Vi > 0.4 A ... =
ok (U @Ag)) VO
oYW (@A)
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clEeWHY
<:>Vi20.<(VO§j<i.AjAj+1...|:w) — V0§k<i.Ak.Ak+1...}=<p)
= 3i>0.(AAij1... F YAVO< j<iAjAj ... EoANY)VYi> 0440 ... EeAY
ok (erv) U—) vO(ery)
= oE (@AY W
cEeBY

= (U (pA-)) VO
= P W (o A1)

Exercise 2% (142 Points)

Let AP = {a,b}. Let o = (a = O —b) W (a A'D).

(a) Transform —¢ into an equivalent LTL formula in PNF using the until operator U and the weak until
operator W.

(b) Determine which of the properties P = Words(yp) and P’ = Words(—y) are safety properties. Justify
your answer.

Solution:

(a) We use the duality
(W) = (p A=) U (o A1)

We transform —¢ into PNF as follows:

ESD—' ((a—= O-b) W (a b)) (* definition of ¢ *)

= ((a— O-b)A=(anb)) U (=(a— O-b)A-(anb)) (* duality of W and U *)
= ((maVO-b)A=(anb) U (=(=aVO-b)A=(aAb))  (* definition of — *)

= ((maVO-b)A(maV=b) U (aA=0O =b) A(maV-b)) (* deMorgan *)

= ((maVO=b)A(maV=b)) U (aAOb)A(=aV b)) (* duality of O *)

= (-aV (-bAQO-b)) U (aA=bAOb) (* simplification *)

=:p’

(b) P" = Words(—p) = Words(¢') is not a safety property. Consider the word o = {a}*. We see that
o & P' as o [~ ¢/, because, in particular, at no position in o we have that b holds. However, every
prefix {a}" of o can be completed to a word in P’ (satisfying ¢’) by appending {a} {b} 0.

P is a safety property. Consider any word o = ApgA; ... € (2Ap)w \ P = P’ = Words(¢'). From the
semantics of LTL, we have

EZZOAZAH_l':(Z/\_‘b/\Ob A V0§j<i.AjAj+1...':_\CL\/(_\b/\O_\b).

We observe that ¢ = AgA; ... A;11 is a bad prefix of ¢ with respect to P since any continuation o’
of G also satisfies ¢’. Therefore o’ € Words(y') = P’ = (2AF)* \ P and, in particular, o’ ¢ P.
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Exercise 3 (2+2+2+2 Points)

Let ¢, 9, m be arbitrary LTL formulae. For each of the following pairs of LTL formulae, determine in
which relation they are. More specifically, determine whether they are equivalent, one of them subsumes
the other or they are incomparable. Prove your claims.

(a) Qe and OO ¢

(b) 00 A OOy and ¢ (O AOY)
() oAO(@e—=0O0p) and OO ¢
(d) (pU¢)UmandpU (v Un)

Solution:

(a) 0O0p = OO .
e [0 ¢ does not imply ¢ .

Counterexample:

Take ¢ = a. Then ({a}®)¥ | OO, because a is seen infinitely many times. However,
({a} 0)¥ = OO, because a is never seen continuously.

o Oy implies OO .
Proof:

AoAr ... = 0Dy
=37 >0. 44,41 ... =00
=37 >0.YVk > j. ApAps1... E @
=37 >0.Vk>j. H >k Ahpr...E o
=3 >0.V6>0.30> k. AAppr... = o
=VEk>0.30 >k AjApyr... E
=Yk > 0. AgAgir... EOw
= AgA, .. ED0y

(b) The two formulae are indeed equivalent: QO AQOO Y = O (Op AOY).
Proof:

@3]20 (Vij AkAk—i-l Iznpand sz_j AkAk+1... )ZI#)

B3, > 0.k > j1. ApApsr ... =) and (Fjz > 0. Yk > jo. ApApsr ... = 0)

@(3‘]1 > 0. Alej1+1 ': Dgﬁ) and (3]2 > 0. AjQAj2+1... ): |:|1/})

where for (x) and “<” we take j := max {j1, j2}, and for “=" we take ji, jo := j.
() pAO(@—= O0¢) = OO
e OO ¢ does not imply o Ad (¢ = O 0 ).

Counterexample:

Take ¢ = a. Then 0 {a}” = OO ¢, because a is seen infinitely many times. However, () {a}* [~
e ANO(e = OO ), because a does not hold in the beginning.
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e p A0 (e = OO ) implies OO .
Proof (by contrapositive):
We show that AgA; ... = OO ¢ implies AgA; ... Fp AO(p = O0p).
We start with AgA; ... OO p.
:>AOA1... ': _|D<>(p
=AgAq ... ': <>D_\(p

— Case 1: there exists no j > 0 with A;A; ;... = ¢, then AgA;... o AO(p = O0)
and nothing remains to show.

— Case 2: there exists j > 0 with A;A4;41... = ¢ and we conclude j < j*.
Let 51 < j* be the highest such index.

We assume AgA; ... = p AO(p = OO ) for the purpose of a contradiction. Then
ApAr...EoAO(@—=00¢)
=(ApA1...Ep)and (Vj >0. 4;4,11... Fo—=>0O0p)
=Vj>0.4j441...Fe—=>0O0p
=Vj 2 0. (Ajdjr1 - F o) = (44 . FOOy))
The last statement holds for all 7 > 0 and in particular for 51 > 0. Then
AjrAjri1- E o
=Ajpdjr. . F OO
=Ajr1djrre.. E O
=3k > jr+1 ApAgr .. FE o
=3k > 1 AgAgrr ... Ep

which contradicts that j1 is the largest index such that A4 A1 ... = .
We can therefore conclude AgA;... e AO(p = OO ).

(d) The two formulae (¢ U ) U and ¢ U (¢p U ) are incomparable.
e (pU) U does not imply ¢ U (¢ U 7).

Counterexample:
Take p = a,p =band 7w =c. Let Ag = {a},A; = {b},As = {a},As = {b} and A; = {c},i > 4.
Then

AOA1A2A3A4A5... = {a} {b} {a} {b} {C}w ): (30 U w) U .
In detail it is A4As5... E m. Moreover AgA;... |E o U, AjAs... = o U ), AsAs... = ¢ U 9,
AzAy... = ¢ U . Therefore

AOA1A2A3A4A5... ): (QD U w) U .
However,
AOA1A2A3A4A5... l;é %) u (1/1 u 71').
In detail, AgA;... |E @, but AjAs... = ¢ and A1 As... = U,
e p U (¢ Um) does not imply (¢ U) U .

Counterexample:
Take p = a, » =band m = ¢. Let Ag = {a} and A; = {c},i > 1. Then

A()A]_AQ... = {a} {C}w ): %2 U (¢ U 77).
In detail AlAg... ': w U 7 and AoAl... ': ®.

However,
AoAlAQ... l# (90 U ’(/J) Um.
In detail, AgA;... £ @ Uy and AgA;... J& 7.
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Exercise 4 (2+1 Points)

We consider the release operator R which is defined by

R E (- U ).

(a) Prove the expansion law

eRY=9A(eVOI(pRY)).

(b) Prove the equivalence
pRY= (o A) W (9 Ath),

Solution:

(a) The expansion law for the release operator R is given by:

pRY=9¢A(pVO(pRY))
=W Ae)V([WAO(pRY))

According to the release semantics, either 1 holds at the current state and on the next state, ¢ R ¢
holds again, or % is released because in the current state, both 1 and ¢ are satisfied.

The correctness of the expansion law can be proven as follows:

Ry =-=(-pU—)
(Y V(= AO (mp U 1))

(* definition of R *)
(
=P A= (e ANO (e U 1)) (* deMorgan *)
(
(
(

*

expansion law of U *)

=Y A(eV-0O (e U—9)) * deMorgan *)
=y A (VO (e U-)) * duality of O *)
=Y A (VO (pRY)) * definition of R *)

(b) The duality of the until operator U and the weak until operator W is given as

“(pU) = (A Y) W (= A ).

Then the correctness of the given equivalence can be proven as follows:

pRY ==(-p U ) (* definition of R *)
= (_‘80 A ﬂ(ﬂw)) W (—‘(ﬂgo) A ﬂ(—wﬂ)) (* duality of U and W *)
= (e AY) W (0 AY) (* Duality of - *)



