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Introduction to Model Checking
(Summer Term 2018)

— Solution 8 (due 25th June) —

General Remarks

e The exercises are to be solved in groups of three students.

e You may hand in your solutions for the exercises just before the exercise class starts at 12:15 or by
dropping them into the “Introduction to Model Checking” box at our chair before 12:00. Do not
hand in your solutions via L2P or via e-mail.

e If a task asks you to justify your answer, an explanation of your reasoning is sufficient. If you are
required to prove a statement, you need to give a formal proof.

General Notation

In the following we transform LTL formulae into the corresponding GNBAs. As an example consider
the LTL formula ¢ = a U (—a A b) from the lecture. We order the subformulae of ¢ from the innermost
formulae to the outermost, and from left to right. In our example we get the subformulae a, b, 7a Ab and
. The elementary sets are given in the following table where we order the sets by their binary encoding:

B
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B>
Bs
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Bs
Bg
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Moreover, for the GNBA G, the transition relation can be given as a table where the rows and columns
correspond to states of G, and the entries are either empty (representing “no transition”) or contain an
element from 24F (representing the character that can be used for the transition).

For example, an extract of the transition relation for the GNBA G, is given in the following.

B1 BQ Bg B4 B5 Bﬁ
Bi| 0|00 [0] 0[]0
Bg
Bs | {a} | [{a}] [{a}]

Exercise 1% (1+3+3 Points)

Let AP = {a,b}. Let ¢ = (a - O —b) W (a A D) as in exercise sheet 7.2.

(a) Transform —¢ into an equivalent LTL formula ¢’ (i.e., Words(—y) = Words(¢')) which is constructed
according to the following grammar:

@ u=true | false |a | b o ANp |9 Op|eUe.
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(b) Compute all elementary sets with respect to closure(¢’).

(c) Construct the GNBA G, according to the algorithm from the lecture such that £, (G,) = Words(¢').
It suffices to provide the initial states, the acceptance set and the transition relation of G, as a table.

Solution:

(a) We transform —¢ into an equivalent LTL formula ¢’ similar to exercise 7.2:

P

((a = O-b)W (aA b)) * definition of ¢ *)

= ((a—= O=b) A=(aAb)) U (=(a = O=-b) A=(aAb)) * duality of W and U *)
= ((—maV O -b)A—=(aAb)
= ((maV O =b) A=(aAb)) U ((a A= —b) A =(aAb)) * simplification *)

ES

(
(

) U (=(=a Vv O -b) A=(aAb)) (* definition of — *)
(
(* replace V *)
(

(
(
(
(=(aA=0O =b) A=(anb)) U ((aA—O —b) A=(anb))
(=(anOb)A=(anb)) U ((aAOb)A—=(anb))

* duality of O *)

In the end
¢ = (~(aAOb)A=(aAb)) U ((aAOb) A=(aAb))

(b) We denote:

P1r=anOb
Yo =aAb

g = by A o
thy =1 A by
@ =13 Uy

We start by setting all possible combinations for “simple” subformulae:

#a|b|OblanOb|anb| =1 A=e | Y1 A=pa | b3 Uy
Py {0 s Yy ¢’

1100 O 0 0 1 0 x

21010 1 0 0 1 0 x

3 101 0 0 0 1 0 x

4 1011 1 0 0 1 0 x

5 1110 0 0 0 1 0 x

6 [1]0 1 1 0 0 1 x

71111 0 0 1 0 0 x

8 |11 1 1 1 0 0 x

Then we consider the first rule for local consistency for until formulae @1 U @a:

(,OQEB:>g01U(p2€B

The result looks as follows:

#1a|b|ObllaNOb|aNb| 1 A=hy | by A—tha | 3 Uty
1 (2 3 Py ¢

1 ]0(0] O 0 0 1 0 x

21010 1 0 0 1 0 x

3101 0 0 0 1 0 x

4 1011 1 0 0 1 0 x

51110 0 0 0 1 0 x

6 [1]0 1 1 0 0 1 1

7|11 0 0 1 0 0 x

8 [11]1 1 1 1 0 0 x
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Then we consider the second rule for local consistency for until formulae ¢; U @a:

The result looks as follows:

p1Ups € Band po € B= 1 € B

B alb Ob a/\Ob aNb| =1 A=hg | PPy Ao | 3 Uy
Y1 () Y3 Y4 ¢’
By [0]0 0 0 0 1 0 0
By [0]0 0 0 0 1 0 1
By |00 1 0 0 1 0 0
By [0]0 1 0 0 1 0 1
Bs |01 0 0 0 1 0 0
Bs [0]1 0 0 0 1 0 1
B; |01 1 0 0 1 0 0
Bg [0]1 1 0 0 1 0 1
By 110 0 0 0 1 0 0
Bip|1]0 0 0 0 1 0 1
Bi1|1]0 1 1 0 0 1 1
Bia|1]1 0 0 1 0 0 0
Biz|1]1 1 1 1 0 0 0

Notice that three sets were removed because they were not locally consistent with respect to ¢'.

In total, we have 13 elementary sets.

(c) The elementary sets form the states of the GNBA G, = (Q, 24P ¢, Qo,f). We have

Q={B,..

The transition relation is given as follows:

B,

B,

Bs

By

Bs

., Bi3}
Qo = {Ba2, By, Bs, Bs, B1o, B11}
F ={Fy, uy,}, where
Fyy vy, ={B1, Bs, Bs, By, By, B11, B2, B3}

Bs

Bs | B

=)

Bio

By

0

0

B,

]

0

B3

By

Bs

{b}

{b}

{b}

Bg

{6}

{b}

{6}

{6}

{0}

{b}

{0}

{0}

{6}

{b}

{a}

{a}

{a}

{a}

{a}

{a}

{a}

{a}

{a}

{a}

{a}

{a}

{a}

{a, b}

{a, b}

{a, b}

{a, b}

{a,b}

{a, b}

{a, b}

{a, b}

{a, b}

{a, b}

{a,b}

{a,b}

{a, b}

Following the first rule O b € B = b € B’ allows for the following transitions:

B; with i = 3,4,7,8,11,13 — B’ € {Bs, Bs, B7, Bs, B12, By}

Following the first rule Qb & B = b ¢ B’ allows for the following transitions:

B; with i = 1,2,5,6,9,10,12 — B e {Bth,B3,B4,B9,Blo,B11}
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Following the second rule p1 U 92 € B = (p2 € B) V (p1 € BA g1 U gz € B') allows for the
following transitions:

B; with ¢ = 2,4,6,8,10 — B e {BQ,B4,B6,B8,310,311} and Bj; — B e {Bl, ...7B13}

Following the second rule ¢1 U 9o € B = (¢2 € B) A (p1 € BV 1 U ¢y ¢ B’) allows for the
following transitions:

Bz’ with 7 = 173,5, 779 —— B, S {31733735,B7,BQ7B127313} and B127Blg — B/ S {Bl, ...,Blg}

The final transitions are the intersection of the transitions that are allowed by the first and the
second rule for each elementary set B.

Exercise 2 (1+3+3+2+1+2 Points)

Let o =0 (a — ((=b) U (a Ab))) over the set AP = {a,b} of atomic propositions. We are interested in
checking whether TS |= ¢ where TS is the following transition system:

(a)

0 {b}

OO

{a} {a,b}

Convert - into an equivalent LTL-formula ¢ which is constructed according to the following gram-
mar:

p = true | false [a|b] o Ap |- | Op e Ue
Derive closure(1)).
Give all elementary sets wrt. closure(1).

Construct the GNBA G, using the algorithm given in the lecture. It suffices to provide its initial
states, its acceptance set and its transition relation.

Hint: Give the transition relation as a table where the rows and columns correspond to states of
Gy and the entries are either empty (representing “no transition”) or contain an element from QAP
(representing the character that can be used for the transition).

Now, construct a non-blocking NBA A-, directly from -, i.e. without relying on Gy. Provide an
intuitive explanation of why your automaton recognizes the right language. The latter is absolutely
essential to earn points for this task.

Hint: Four states suffice. Consider rewriting —p using the release operator and recall that ¢ R
intuitively expresses that ¢ “releases” 1. That is, ¢ either holds all the time or at some point ¢ A 1
holds and at all previous positions ¢ holds.

Construct TS ® A-,.

Apply the nested depth-first search (lecture 11, slides 150 and 159) to TS ® A, for the persistence
property “eventually forever —F”, where F' is the acceptance set of A-,. To illustrate the steps:

e before each Pop operation give:
— for the first DFS the contents of stack m and set U, and
— for the second DF'S the contents of stack £ and set V.
e indicate whenever CYCLE CHECK(...) is called or returns a result (including the result itself).
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e indicate when and which result the outer DFS returns.

Give the stack contents from left to right, in the sense that the topmost element is on the right. Does
TS = ¢ hold? In case the property is refuted, give the counterexample returned by the algorithm.

Solution:

(a)
—p = -] (a — (_\b U ((1 A b)))
= Qﬁ(ﬁa Vv (ﬁb U (a A b)))
=0 (an=(=bU (anbd)))
= true U (a A =(=b U (a A D)))
P

We then compute the closure:

closure(yp) = { true, false, a, —a, b, —b
aNb,—(aNb),=bU (a Ab),~(=bU (a Ab)),
aA=(=bU (aAbd)),~(aA=(=bU (aAd))), Y, }

(b) We let

1 = (aAD)

Yo ==bU (aAb)=-bU)

g =aA-(-bU (aAb)) =aA s
g = true U 3

The elementary sets are as follows:

aNb| =bUyy | a1y | true U s

alb| P2 V3 Y
B |0]0 0 0 0 0
By 010 0 0 0 1
Bs; |00 0 1 0 0
B, {010 0 1 0 1
Bs |01 0 0 0 0
Bg |01 0 0 0 1
B; |11]0 0 0 1 1
Bg |11]0 0 1 0 0
By |10 0 1 0 1
Bol|1|1] 1 1 0 0
Bi1|1]1 1 1 0 1

¢) The elementary sets form the states of the GNBA G-, = (Q, 27,6, Qo, F). We have
©

Q={Bi1,...,B11}
Qo = {B2, By, Bs, B7, By, B11 }
F = {Fﬁbu (aAb),Fw}, where
F_yy (any) = {B1, B2, Bs, B, Br, B1o, B11}
Fy = {Bu, Bs, Bs, By, Bs, Bio}
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The transition relation is given as follows:

B, B, B3 By Bs Bg By By By By | Bn
B, 0 [}
B, 0 ) 0
Bs 0 [} [
By [} 0 0
Bs | {b} {6} {b} {6} {b}
Bg {o} {b} {or | {b} {o} {o}
By | {a} | {a} fa} | {a} | {a}

By {a} {a} {a}
Bio | {a,b} {a,b} {a,b} {a, b} {a,b}
B {a,b} {a, b} {a,b} | {a,b} {a, b} {a,b}

(d) We rewrite - as follows:

- =-0(a— (=bU (a AD)))
=0 (—aV (=bU (and)))
=0 (aA—=(-bU (aAb)))
=0 (aA (bR (maV —b)))

Y1

¥

In particular, we have
(bR (=a V =b))
=0 (—aV-b)V ((ﬁa V=b) U (bA (~aV ﬁb)))
=0 (ﬁa\/ﬁb)\/((ﬁa\/ﬁb) u (—u/\b))

~———
2

¥3
From this form, we construct the NBA A, that recognizes Words(—¢) as follows:

true —b true

The underlying idea is as follows. For an infinite word o = AgA; ..., the automaton nondeterminis-
tically guesses the position ¢ such that A;A; 11 ... E 9 holds and loops in the first state g until that
point. In particular A;A4;11 ... = 91 and therefore a € A; and also A;A;41 ... = ¢ and therefore
AjAiyr ... E Vs, Asa € A;, both ¢y and 13 imply that b & A;. Therefore, the transition from ¢
to ¢ requires a A —=b. If in ¢;, we have already seen an a and only require v, or equivalently, ¥ V 13
from this point on. Seeing a A b violates both disjuncts of 15 V 13 and therefore the corresponding
transition leads into a trap state since no such word is accepted. Similarly, seeing —a A b makes the
word satisfy 13 and the corresponding transition leads into a state ga from which every continuation
of the word is accepted. Finally, seeing —=b in ¢; leads back to ¢; itself as this intuitively delays the
decision if the word is to be expected by one position. That is, after seeing any number of —b, the
word may still satisfy 1o V ¢3 (by either looping in ¢y forever or seeing —a A b) but may also still
violate it (by seeing an a A b).

(e) The product transition system TS ® A-, is depicted below:
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TS ® A,
£ < 0’ q0>4><517 q0>

(s3,40)

N

<S37 q1><7<827 q0>D

()

(s0,q1) ~(s1,¢2) (s0,42)

|

<527 q2>4'<83’ q2>

),

(f) To prove TS F~ ¢, we check the persistence property Ppers = “eventually forever =®” where & =
¢1 V g2 on the product transition system TS ® A-,. Using the nested depth-first search algorithm,
we search for a reachable cycle in the product containing at least one state whose second component
corresponds to an accepting state in A-,. We denote the stack content from left to right in the sense
that the top element is on the right. The algorithm then proceeds as follows.

e Initial state (1st DFS): {so, qo)

7 = (50, 90) (53, q1) (S0, 1) (51, q2) (52, q2) (53, 42) (50, G2)

U = {(s0,q0), (s3,q1), (50, q1), (51, q2), (52, q2), (53, q2), (S0, q2) }
E=¢

V=0

State (s3,q2) is popped from 7 as all its successors ({(s1,¢a2) and (s3, ¢g2)) are already in U.
e We have (sg, g2) £ ~® and therefore CYCLE CHECK (s, ¢2) is invoked.
e Initial state (2nd DFS): (s, g2)

T = (80,90)(83,91)(80, 1) (81, 2) (82, 42) (83, @2)

U = {(50,90), (53, q1), (50, q1), (51, q2), (52, q2), (53, q2), (50, q2) }
= (50, 42) (53, q2)
V {<50»(I2> <537(D>}

Since (sg, g2) € Post({s3,q2)), CYCLE CHECK (sg,q2) returns true.

e The outer DFS returns “no” and we conclude that TS [~ ¢. Additionally, the nested DFS
algorithm returns the following counterexample (to be read from left to right)

reverse(m, &) = (80, 90) (83, q1) (S0, q1) (51, 42) (52, G2) (83, 42) (50, 92) (53, G2)

reverse(m) reverse(§)

Exercise 3 (1 Points)

Let ¢ be an LTL-formula over a set of atomic propositions AP. Let A = (Q, 247,68, Qo, F) be a GNBA
for Words(y) that is the result of the LTL-to-GNBA construction presented in the lecture applied to an
LTL formula .

Prove that for all elementary sets B C closure(p) and for all B’ € 6(B, BN AP), it holds:
-OYeEB < ¢y ¢B.
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Solution:

According to the definition of the transition function 4, it is:
OveB < yebB,
which is equivalent to

OvéB « v ¢B.

By the maximality constraint, we have

Ové€B=-0O v e€B.

Finally, by local consistency with respect to negation, we have

~O%eB=0v¢B

We can conclude

~0veBEXED ~ o p 4



