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Prof. Dr. Ir. Dr. h. c. Joost-Pieter Katoen Christian Hensel, Matthias Volk

Introduction to Model Checking
(Summer Term 2018)

— Solution 9 (due 2nd July) —

General Remarks

e The exercises are to be solved in groups of three students.

e You may hand in your solutions for the exercises just before the exercise class starts at 12:15 or by
dropping them into the “Introduction to Model Checking” box at our chair before 12:00. Do not
hand in your solutions via L2P or via e-mail.

e If a task asks you to justify your answer, an explanation of your reasoning is sufficient. If you are
required to prove a statement, you need to give a formal proof.

Exercise 1 (4 Points)

Consider the following CTL formulae and the transition system TS outlined on the right:

TS :
{b} 0 {0}

S3 S0 S4
®; =VY(aUb)vIO VOb

Oy = VOV(a U b)
Dy = (aAb)—3IOIO V(W a)

Oy =VO30(aVb) <>
{a,b} {a}

Give the satisfaction sets Sat(®;) for each CTL formula ®;, 1 <i < 4.
Does TS = @; hold?

Solution:

For each of the CTL state formulae ®; (and each state subformulae), we have to compute

Sat(®;) ={se€ S |skE ¥}

From this, we can decide TS |= ®; by checking Sy C Sat(®;).

e & =V(aUb)vIO VOl
We compute the satisfaction sets:

Sat(¥(a U b)) = {s1, 52,53, 54}
Sat(VOb) = {s4}
Sat (3O VOb) = {so, s4}
Sat(®1) = {s0,51, 52, $3, 54}

Thus, Sp C Sat(®) = TS | P;.
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e &y =VOV(a U b):
We compute the satisfaction sets:

Sat(V(a U b)) = {s1, 52, 83,54}
Sat(®2) = {s4}

Thus, SO g Sat(<1>2) = TS l?é (I)g.

e O35 =(aAb)—=3OIO V(bW a):
We compute the satisfaction sets:

Sat(a)
Sat(b) =
Sat(a A b)
Sat(V(b W a))
Sat(3 O V(bW a))
Sat(303 O V(bW a)) =
Sat(<1>3)
Thus, Sp C Sat(P3) = TS | Ps.
o &, =VOIO—(aVb):
We compute the satisfaction sets:
Sat(a) = {
Sat(b) = {s
Sat(aVb) ={s
Sat(=(a Vb)) ={s
Sat(30 —(a Vb)) = {s
Sat (®4) = 0

Thus7 SO g Sat(<I>4) — TS l;é Py.

Exercise 2

Prove that Sat(3(® W ¥)) is the largest set T' such that

T C Sat(¥) U {s € Sat(®) | Post(s) NT # 0}.

Solution:

{51, 82}

{83’84}

= {s2}

{817 52, 84}
{807 51, 34}
30754}

S0, 51, 53, 54}

51,82}

3,54}
51, 82,583,854}
0}

S0

;S1, 52, 83}

(5 Points)

(9.1)

We first prove that T'= Sat(3(® W U)) satisfies (9.1). For s € T' we obtain by the expansion law

JPW ) =TV (BATO I(TW D))

that either s € Sat(¥) or s € Sat(P) and there exists s’ € Post(s) with s’ € T'. Hence, s € Sat(¥) U {s €

Sat(®) | Post(s) N T # 0} and T satisfies (9.1).

It remains to show that Sat(3(® W ¥)) is the largest set that satisfies (9.1). Let T be a set of states such

that T satisfies (9.1). We prove that T C Sat(3(® W ¥)). For this, let s; € T'.

o If 51 € Sat(¥) then s; € Sat(3(® W ¥)).

e Otherwise s1 € Sat(®) and there exists so € Post(s1) with s € T
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— If s € Sat(¥) then there is a path m € Paths(s1) with the prefix T = s155. 7 satisfies @ W ¥
and therefore s; € Sat(3(® W ¥)).

— Otherwise sy & Sat(¥) and since sy € T it is s2 € Sat(P) and there exists s3 € Post(s2) with
s3 € T. Continuing this inductive reasoning, we either obtain an infinite path @ = syso...
with 7 = O® or an initial path fragment T = s18283 ..., where for all 0 < i < n we have
sp = @ and s, = ¥. In both cases, there is a path 7 € Paths(s) with # = ® W ¥ and
therefore s € Sat(3(d W 1)).

Exercise 3 (2 + 2 Points)

(a)

(b)

Solution:

(a)

Using an appropriate theorem from the lecture, prove that there does not exist an equivalent LTL-
formula for the CTL-formula ®; = V0 (a A3 a).

Now prove directly (i.e. without the theorem from the lecture) that there does not exist an equivalent
LTL-formula for the CTL-formula &5 = V03 (O VO —a.
Hint: Argue by contraposition. In particular, think about trace inclusion versus CTL-equivalence.

We prove, that there is no equivalent LTL-formula for the CTL-formula ®; = V0 (a A 3 O a).
By applying the theorem from the lecture, we know that if there is an equivalent LTL formula, it
can be obtained by eliminating the path quantifiers from ®;. For ®; we obtain the LTL-formula
p1 =0 (aA(Oa) and now prove that &1 # ;.

For this, consider the following transition system TS below.

{a} {a} {b}

We have T'S W71 ¢1 because of the path ™ = sgs154 € Paths(sg) whose trace 0 {a} {b} ¥ ¢1. On
the other hand, we have T'S =crr, @1, because s; = a AT a and all paths in Paths(sg) eventually
visit s1.

Now, we prove that there exists no equivalent LTL-formula for the CTL-formula &5 = V)3 VO —a
without the theorem from the lecture.

We do so by contradiction. Assume there exists an LTL formula 5 such that @5 = s.

For the transition system TS;

TSl :

{a}

we have Sat(V0 —a) = {s1} and therefore Sat(3O VO —a) = {so, s1} and trivially Sat(®2) = {so,s1}-
It follows TSy Ec1r P2. Because of the assumption ®5 = 9, also TS =11, ¢2 holds. We have

TS Errn 2 <= Traces(TS) C Words(ips). (9.2)

Now consider the trace o = {a}” € Traces(TS1), which by (9.2) is also in Words(¢z2). For the
transition system TSo
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TS5

s

—~
S
—

we have Traces(TSz2) = {{a}“} C Words(y¢z), which implies TSy FrrL 2. On the other hand,
we obviously have TSy (~crr, P2 because —a is not fulfilled by any state in T'Ss. This contradicts
(1)2 = p2.

Exercise 4% (4 + 7* Points)

(a) For an arbitrary transition system TS = (S, Act, —, Sp, AP, L) without terminal states, let Reachrg(s)
denote the states reachable from s € S in TS. In other words s’ € Reachrg(s) if and only if there
exists a path m = s¢s1... € Paths(s) such that there exists ¢ > 0 with s; = s’. Show that for all
s € S the following is equivalent:

1. s Furn Oa,

2. s Ecrr VOa,

3. Vs’ € Reachrs(s) . ¢’ |E a, and

4. Vs’ € Reachrs(s) . ¢ FcorL VOa.

Hint: You may use the fact that for all s, s',s” € S we have s’ € Reachrg(s)As” € Reachrg(s’) =
s" € Reachrg(s) or, equivalently, s’ € Reachrs(s) = Reachrg(s’) C Reachrs(s).

(b) *This subexercise does not count towards the total number of points that you can
achieve. Not solving it does not decrease the percentage of points you achieved while
solving it may increase it.

Prove
v(au (b/\VDa)) =OaAdb.

Solution:

(a) [ =[2

s Oa
<= Vr € Paths(s).m = Oa
<~ S ':CTL Va.

B =10 = P 3

s Fer, Vda
<~ s kEcrL Va
<~ skcrnL 30 —a
<= I =5p81... € Paths(s) .3 >0.s; | —a
<= JIr=s5ps1... € Paths(s) . 3 >0.s; £ a
<= ds; € Reachrg(s) . s; £ a
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=1 = fd= 4

-Vs' € Reachrs(s) . s EVOa

<= Js’ € Reachrs(s) . s’ frorn VO a

<= 35’ € Reachrs(s) . s’ E -VUa

<= 35’ € Reachrs(s) . s' =30 —a

<= 35’ € Reachrg(s) . Im = 5951 ... € Paths(s’) . 31 > 0. s; = —a
<= 35’ € Reachrs(s) . 3s” € Reachrs(s’) . s” £ a

Mt 397 € Reachrs(s) . s” f a

=0 = f= 1

—Vs' € Reachrs(s) . s' Fa
<= s’ € Reachrs(s).s £ a
< Jdr=sps1... € Paths(s) .3 >0.s; £ a
— sE3I0a
<— s3I0 a
— s Vda
= Js’ € Reachrs(s) . s’ £ VOa

(b) Let TS = (5, Act, —, So, AP, L) without terminal states and s € S. We start by showing

OaAndb=aU (bAOa)
—_————

(R —
® @’
-
AoAr ... = Tandb
— 204, EOAVE> j AL EaAYO<k<jAp... Ea
= Jj>04,... FbAOaAV0<k<jAr...Fa
e AoAl...':an/\Da
—:
AoAl...):an/\Da
— 3j>04;...EbADaAVO<k<jAy...Ea
— 3204 EbAVE> AL EaAYO<k<jAp... a
= Jj>0A4;... EOAVE>jA,... FaANVO<k<jA,...EFaANVL>04 ... Fa
— 3> 04;... EbAVE>04,... Fa
e A0A1):<>b/\Da

That is, the equivalence V(a U (bAvO a)) = Oa A Qb might hold, because — according to the
theorem from the lecture — da A O b is equivalent to the only possible equivalent candidate a U (b A
Oa). However, it might still be the case that there is no equivalent LTL formula for V(a U (bAVYOa) )

and, in particular, V(a U (bAvO a)) ZaU (bAOa).
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We now prove V(a U (b/\VDa)) =aU (bAOa).
=: Let s = V(a U (bAVOa) ) Using the semantics, we have

s ):V(a u (b/\VDa))
&= Vr € Paths(s).3i > O.(w[i] = b A VO a) AY0 < j <] [ a
We fix an arbitrary path @ = sgs; ... € Paths(s) and have that

32‘20.(&- p:bAvma) AVO<j<is;=a
= >0 FbAs;, EVOaAVO<j<isjl=a

In particular, s; = VOa <= Va' € Paths(s;).n’ = Oa. As s;8;41... € Paths(s;), we have that
Vj > i.s; = a. Therefore
>0 FEbAs; EVOaAVO<j<isjEa
= 3i>0.5=bAVj>is;FaAV0<j<is;Ea
= 3 >0 EbAV]>0s;=a
= 5081... FO0bAOa.

<=: Let s = 0Oa A Ob. In particular, for all 7 € Paths(s).m = Oa and therefore s = Ja. From
previous tasks, we have

Vs' € Reachrs(s) . s’ Ea  and (9.3)
vs' e ReachTS(s) .8 }ZCTL va (94)

We have

sEOaNOD
= sEUOaAsEOb
= sEOaAVr =sgs; € Paths(s)3i > 0.s;... Errr b
= skEOaAVr = s9s1 € Paths(s)3i > 0.s; Eorr b
(s)

B3 o = Oa AV = sos1 € Paths(s)3i > 0.5; Eorrn bAYOa

K s = OaAVm = s9s1 € Paths(s)3t > 0.s; =orr (DAVOa) AV0 < j < i.sj Eorr a
= Vm = s9s1 € Paths(s)3i > 0.s; =orr (DAVOa) AV0 < j <i.sj =crr a

— s )=V<aU (b/\VDa))

Exercise 5% (1-+1+1 Points)

Consider the following CTL formulae:
& =vO (3(-aU (bA=) VIOVO a)
Py =VY(-aW (b—=VO ¢)

(a) Transform ®; into PNF.

(b) Transform ®; into ENF.
(¢) Transform &, into ENF.
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Solution:

(a)

bA=c)) Vv (true U =V O a))

rue A—=(=V O a)) W (=true A =(=V O a))))
rue AY O a) W (mtrue AV O a)))

o) V3t
vﬂ(t
((

VIVO a Wfalse))

-vO (H(ﬁaU (bA=c)) vIOY O a)
=30 ~(3(-a U (bA~)) VIOV O a)
=-30 (—El(ﬂa U (bA ) A-30YO a>
=-30 (—El(ﬂa U(bA—c)A-I0-30 —|a)

By =V(~aW (b= VO c))

“3((ran=(b>¥O ) U (=(=a) A== VO o))

EI((—mL/\ (=bvvV O e) U(an=(=bVVO c)))

EI((ﬁa/\b/\ﬂVO (a/\b/\ﬂVQc)>
(raAbATO —c) U (a/\b/\EOﬁC))

= —J



