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Question 1 (54 5 points)

Let P be an LT property. Further let Py = closure(P) be a safety property. Prove:

(a) Every bad prefix of Pyfe is also a bad prefix of P.

(b) Every bad prefix of P is also a bad prefix of Pife.

Hint: one way to prove this, is to assume the contrary and deduce a contradiction.

Solution:

(a)

¢ € BadPref( Psage)
= PaeN{oec (2P |6 Co} =0
= closure(P) N {o € 2*F)* |6 Co} =0
2Pn{oce () |sCo} =0
<= ¢ € BadPref(P)

where (k) is the fact that for any LT property @ it holds that @ C closure(Q).

We have to show that

Pn{ce 2P |s6Co} =0 (1)
=closure(P) N {oc € 24F)* |6 Co} =0 . (2)

Therefore assume this is not true. Then

Pn{oce @t |6Co}=0 (3)
and closure(P) N {o € (240) |6 Cao} #0 . (4)

Then the intersection in (2) contains at least one trace ¢’. By definition of closure, equation (4) can
then be written as

{o € (24P) | pref(o) C pref(P)} N {o € (24F) |6 C o} D {0’} .

From this we see that every prefix 6 of o/ must also be a prefix of P. Thus it cannot be a bad prefix
of P which contradicts (3). Hence the assumption is wrong and the statement is true.
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Question 2 (34 5 + 2 points)
(a) Prove or disprove that the following two LTL formula are equivalent: & O a = (O <©a.
(b) Show there is no equivalent LTL formula for the CTL formula YOV O a.
(¢) Assume we know that V O V<O a = (O < a which means that for all transition systems T'S:

TS':CTLVO Voa <— TS):LTL O<>a .

Based on this assumption and the results above argue whether the two CTL formulas VOV () a and
V(O V<O a are equivalent.

Solution:

(a)
oE<© Qa:{UE(QAP)w]EijZO:U[j..] EQOa}
={oec@*)?|3j>0:0[j+1.] Ea}
={oe@)¥|3i>1:0[j.] =a}
={o € (2AP “lo[l..] E<Ca}
=cE=QO%a

(b) According to Draghicescu/Clarke we know that if there is an equivalent LTL formula for & =
YOV O a, it must be ¢ = & (O a. However we can find a transition system TS such that T'S = ¢
and TS = &:

{a} {a} —() ? {a}
Oo
—()

So no equivalent LTL formula exists!

—
IS
—
—
IS
—

assumption

VOVCa = (O<a
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Question 3 (14 3 + 6 points)
Let ¢» = (Oa)Ub and AP = {a,b}.

(a) Transform 1 into an equivalent basic LTL-formula ¢. The basic LTL syntax is given by the following
context free grammar:

pu=true|a|pir A2 | 0| O ¢ p1Ups

(b) Compute all elementary sets with respect to closure(p)
Hint: There are 7 elementary sets.

(c) Use the algorithm from the lecture to construct the GNBA G, with £, (G,) = Words(y). Therefore

— define its set of initial states and its acceptance component,
— and for each elementary set B, define 6(B, BN AP).

Solution:

(a) Let v = (Oa)Ub and AP = {a,b}.
First we transform ) into the equivalent basic LTL-formula ¢:
Y= (0a)Ub
(=C-a)Ub
(=(trueU—a))Ub
¥

(b) Now we compute closure(p) (optional):

closure(yp) = {true, false, a, —a, b, =b,

true U —a, —(true U —a),

@, }
The elementary sets are:

true a b trueU-a ¢
By 1 00 1 0
B, 1 01 1 1
Bs| 1 10 0 0
By 1 11 0 1
Bs| 1 10 1 0
Bg| 1 1 1 1 1
B 1 10 0 1

(c) The GNBA G, = (Q,%,6,Qo, F) is defined by:
Q = {B1, B2, B3, By, Bs, Bg, Br}
5 =202 = {0, {a}, {b}, {a, b}}
Qo = { B2, By, B, Br}
F= {FtrueUﬂa’FLP}
Fyrue U~ = {B1, B2, B3, By, Br}
F, = {Bi1, B2, B3, B4, Bs, Bs}
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The transition relation ¢ is given by the following table:

o Ol g | B, | By | B, | Bs | Bs | B
B 0 0 0 0 0 0 U]
Bs {6} | {b} | {b} | {b} | {b} | {b} | {b}
Bs {a}
By {a,b} | {a,b} {a,b}
Bs {a} | {a} {a} | {a}
Bg {a,b} | {a,b} {a,b} | {a,b}
By {a} {a}
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Question 4 (24 1+ 6+ 1 points)
Decide if TS =g ® for the CTL-formula ® and the fairness assumption fair:

¢ =VO(a— (3O anVOD))
fair = (OO (maA—b) OO A (COa— OOD)

S

Therefore give reachable strongly connected node sets that satisfy the fairness assumption.

where T'S over AP = {a,b} is given by:

Proceed in the following steps:

(a) Determine Satfq;, (30 true).

(b) Rewrite ® into ¥ in existential normal form.

(c) Determine Sat f4ir (V).

Therefore determine Satfa(...) for all subformulas starting with the smallest. You may give these
sets directly but when determining Sat (30 Y), give Gy, its SCCs and check fairness.

(d) Decide TS [=fir ®

Solution:

(a) First check the state formulae of the fairness assumptions (trivial here).

Next find all the state in which the fairness assumption is realisable and label those with a ..
Consider the strongly connected node set D = {ug, us,us} (or analogously {ug,us,us}): We have
that DN Sat(b) # () and hence the consecution of both fairness constraints is satisfied. Furthermore
D is reachable from every state. Thus Satf.i, (30 true) = S. Hence label all states with a g

& =V0O(a— (3O aAVOD))
3O a(a— (3O a AVOD))
3O a(maV (3O aAVOD))
3O (a A (3O aV VOD))
=3O (a N (=3O aV IO D))
=V .

(c) o Satsair(a) = Sat(a A afair) = {uo, uz, us}
o Satsair(b) = Sat(b A afair) = {us,us}
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Satfazr(_‘ ) S\Satfai’r(b) = {u07u17u2au4}
Sat tair (3O a) = Sat(FO (a A apqir)) = {uo, u1, u2, us, us, us }
Satfazr(_'zl O a) S\Satfair(zl O CL) =0

SatfaiT(HD _'b) =
Digraph G_:
{a}
—( U Ul

There two (non-trivial) SCCs: C} = {ug, u1,us} and Cy = {ua}.

None of them satisfy the fairness assumption! Hence, Sat 4;,-(30 —0) = 0.
Satfair(—3 0O aVIO-b) =0

Satfair(aN (=3O aVvIO-b) =10

Sat pqir (IO (a A(=3FO avIO-b)) =10

Sat ¢air (V) =

(d) Since @ = W, we have that Satfq(®) = Satfeir(¥) =S 2O I. And therefore TS |= 4 @
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Question 5 (4 + 4 + 2 points)
Consider the three transition systems over AP = {a, b}:
TSy :
(33) {b}
{a} TS2 .
o {0} {a}
T %
{b} S5 S3 S7 {b} '\_/Ga
h ) h @ 0w

{a} {a}

{b}

(a) Decide whether TSy~ TSa. In case the systems are bisimiliar provide a bisimulation relation,
otherwise give a distinguishing CTL formula.

(b) Decide whether TSy~ TSs. In case the systems are bisimiliar provide a bisimulation relation,
otherwise give a distinguishing CTL formula.

(c) Based on your answers to questions a) and b), give an argument whether T'Sg ~ TSs.

Solution:

(a) TS1 # TSz. A distinguishing CTL formula is:
¢ =30 (b— 300)

or
=30 (an3IO BbATIO (BAIO D))
And we have TS; = ® but TSy = ©.

(b) TSy # TSs. A distinguishing CTL formula is:

=30 ObAIOQ (aNn3FO bAFO OATO (anTFO (maA-b))))))
And we have TS; = ® but T'S3 = ©.
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(¢) From the discovered facts TSy # TSe and TSy 4 TSs no conclusion can be made. However the
systems are not bisimilar which can be seen with the help of the CTL formula from part a).



