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Recap: Interval Analysis

Interval Analysis

Interval Analysis

The goal of Interval Analysis is to determine, for each (interesting) program point, a
safe interval for the values of the (interesting) program variables.

Interval analysis is actually a generalisation of constant propagation
(=~ interval analysis with one-element intervals)

Example (Interval Analysis)

var al[100]: int;
1 := 0;
while 1 <= 42 do
if 1 > 0 A 1 < 100 then

ali] = 1
end;
1 :=1 + 1;
end;
R vt i ... |RWNH
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Recap: Interval Analysis

The Domain of Interval Analysis

e The domain (/nt, C) of intervals over Z is defined by
Int:={[z1,2] | z1 € ZU{—0},z0 € ZU {+o0}},z1 < 2} U {0}

where
— —00 < z < +oo (forall z € Z)
— () C Jforall J € Int)
— y1,y2] C 21, 2] iff zy < yrand y < 2
e (Int, C) is a complete lattice with (for every Z C Int)

T 0 ifZ=0orZ=1{0}
|—| N [Z1 , Zg] otherwise

Zy = [gug—ocizr | |21, 22] € T}
L= |_|Zu{+oo}{22 | [21,22] € T}
(andthus L = (), T = [—o0, +00])
e Clearly (/nt, C) has infinite ascending chains, such as
pcrcr2cl1,3c...

where
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Recap: Interval Analysis

The Complete Lattice of Interval Analysis

[—o00, +0o0]
/1 ‘\
[—OO, 1] » [_17_'_00]
~ x
[—OO, O] [_27 2] [07 +OO]

A A w w
[_007_1] [_271] [_172 [17—|—OO]
E N S S 2 S *
U 2 S 2 U 2 S
A w A % A w A *

v [=2,-2] [-1,—1] [o,0] [t.1] ,[2,2] -
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A
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Formalising Interval Analysis

Outline of Lecture 7

Formalising Interval Analysis

6 of 20 Static Program Analysis
Summer Semester 2018
Lecture 7: Dataflow Analysis VI (Widening and Narrowing)

.

4

Software Modeling
Il and Verification Chair

RWTH



Formalising Interval Analysis

Formalising Interval Analysis |

The dataflow system S = (Lab, E, F, (D, C), ¢, ) is given by
e set of labels Lab := Lab,
e extremal labels E := {init(c)} (forward problem)

e flow relation F := flow(c) (forward problem)
e complete lattice (D, C) where
- D:={0|9d: Var, — Int}
— 01 £ 0, iff 01(x) C do(x) for every x € Var,
o, = 1p: Varc — Int : x — Tt (Wlth Tt = [—OO, +OO])
e . see next slide
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Formalising Interval Analysis

Formalising Interval Analysis Il

Transfer functions {y, | | € Lab} are defined by
) if B' = skip or B' € BExp

pi(0) = {5[)( — vals(a)] if B = (x :=a)
where
B vals(ai+ap) := vals(ay) @ vals(as
Vaié(x) :: 5(X) valg(araz) = valiéa& - valjgagg
va 5(2) T [Z’ Z] Va/5(31*32) — val(g(a1) © Va/d(aZ)
with

Dpd=dp:=06d:=....=1(
1, y2) @ [21, 2] := [y1 + 21, 2 + 2]
i, yel © |21, 2] i=[y1 — 22, Yo — 1]
1, yol © (21, 2] = [[ Wyrz1, V122, Yozu1, Yozo} s | {121, Y122, Yoz, Yo2o }]
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Formalising Interval Analysis

Remarks

e Important: soundness and optimality of abstract operations, e.g., ®:
—soundness: zy € Ji, 2o € b =— zy + 2 € Jy D b
— optimality: J; @© J> as precise (i.e., small) as possible
— cf. “Abstract Interpretation” (later)
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Formalising Interval Analysis

Remarks

e Important: soundness and optimality of abstract operations, e.g., ®:
—soundness: zy € Ji, 2o € b =— zy + 2 € Jy D b
— optimality: J; @© J> as precise (i.e., small) as possible
— cf. “Abstract Interpretation” (later)
e Possible refinement of DFA to take conditional blocks b’ (b € BExp) into account
— essentially: transfer functions for branches
— b/—b as “filter” operation
— p(0)(x) = least interval covering §(x) \{z € Z | x =z = —b}
— cf. “DFA with Conditional Branches” (later)
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Formalising Interval Analysis

Interval Analysis without Widening

Example 7.1

_,[[X = 1]1] Transfer functions (for 0(x) = J):
¥ (J) - [17 1]

while [.. .2} — oo(J) = J
v 903(@) — (Z)
[x = x + 1] polla b]) = [a+1.b+ 1]
SR .. .. |RWH
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Formalising Interval Analysis

Interval Analysis without Widening

Example 7.1
_,[[X = 1]1] Transfer functions (for d(x) = J):
} p(J) = [1,1]
while [.. .2} — oo(J) = J
Y pa(0) =0
[x := x + 1 oa([a, b]) = [a+1,b + 1]

Application of worklist algorithm without widening: does not terminate (on the board)
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Applying Widening to Interval Analysis

Outline of Lecture 7
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Applying Widening to Interval Analysis

Widening Operators

Definition 7.2 (Widening operator)

Let (D, C) be a complete lattice. A mapping V : D x D — D is called widening
operator if

e for every di,db> € D,
dyUadb C diVads
and

e for all ascending chains dp C d; C .. ., the ascending chain dy’ = d C ... eventually
stabilises where

dy :=dpand dY¥, := d¥Vd,, foreach i e N
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Applying Widening to Interval Analysis

Widening Operators

Definition 7.2 (Widening operator)

Let (D, C) be a complete lattice. A mapping V : D x D — D is called widening
operator if

e for every di,db> € D,
dyUdb C diVas
and
e for all ascending chains dp C d; C .. ., the ascending chain dy’ = d C ... eventually
stabilises where

dy := dp and d

¥, :=dYVd4foreachie N

Remarks:
e The requirement d; LI d> C d; Vd» guarantees soundness of widening
e (dY)cy is clearly an ascending chain as d; = ' Vdi1 2 d¥ U diyq I dY

e [n contrast to LI, V does not have to be commutative, associative, monotonic, nor
absorptive (dVd = d)
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Applying Widening to Interval Analysis

Applying Widening to Interval Analysis

e A widening operator: V : Int x Int — Int with
OIVJ :=JdV:=J

[x1, 2]V [y1, 2| :== [z1,22] where
Xq if x; < y4

Zq = .
—o0 otherwise

> Xo if Xo > )2

2 .= .
+o0 otherwise
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Applying Widening to Interval Analysis

Applying Widening to Interval Analysis
e A widening operator: V : Int x Int — Int with
O0VdJ :=JV0:=dJ
[x1, %|V[y1, yo| :== [21,22] where

Xq if x; < y4
—o0 otherwise
Xo it xo > yo
+o0 otherwise

Z{ =

Zo =

e Widening turns infinite ascending chain
bo=0CJh=[11Ch=[1,2]Ch=[13C...
into a finite one:
Jy =do =10
JY =Jy Vi =0V[1,1] =[1,1]
Jy =JYVds = [1,1]V[1,2] = [1, +]
Jy =JyVds =[1,400]V[1,3] = [1, +o0]
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Applying Widening to Interval Analysis

Applying Widening to Interval Analysis
e A widening operator: V : Int x Int — Int with
O0VdJ :=JV0:=dJ
[x1, %|V[y1, yo| :== [21,22] where

Xq if x; < y4
—o0 otherwise
Xo it xo > yo
+o0 otherwise

Z{ =

Zo =

e Widening turns infinite ascending chain
bo=0CJh=[11Ch=[1,2]Ch=[13C...
into a finite one:
Jy =do =10
JY =Jy Vi =0V[1,1] =[1,1]
Jy =JYVds = [1,1]V[1,2] = [1, +]
Jy =JyVds =[1,400]V[1,3] = [1, +o0]

e In fact, the maximal chain size arising with this operator is 4:
D C [3,7] C [3,+00] C [~00, +oq]
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Applying Widening to Interval Analysis

Worklist Algorithm with Widening |
Goal: extend Algorithm 4.9 by widening to ensure termination
Algorithm 7.3 (Worklist algorithm)

Input: dataflow system S = (Lab, E, F,(D,C), ¢, )
Variables: W € (Lab x Lab)*, {Al, € D | | € Lab}

Procedure: W := ¢;for (I,I') € Fdo W := W - (I, I'); % Initialise W
for / € Labdo
if | € E then Al, := v else Al, := L p; % Initialise Al
while W # ¢ do
(/,1') := head(W); W := tail(W); % Next control-flow edge
if o,(Al)) £ Aly then % Fixpoint not yet reached
Aly := Aly U @ (Al)); % Update analysis information

for (/',/") € Fdo
if (/',1") notin W then W := (', ") - W; % Propagate modification
Output: {Al, | | € Lab}
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Applying Widening to Interval Analysis

Worklist Algorithm with Widening |
Goal: extend Algorithm 4.9 by widening to ensure termination
Algorithm 7.3 (Worklist algorithm with widening)

Input: dataflow system S = (Lab, E, F,(D,C), ¢, )
Variables: W € (Lab x Lab)*, {Al, € D | | € Lab}

Procedure: W := ¢;for (I,I') € Fdo W := W - (I, I'); % Initialise W
for / € Labdo
if | € E then Al, := v else Al, := L p; % Initialise Al
while W # ¢ do
(/,1') := head(W); W := tail(W); % Next control-flow edge
if o,(Al)) £ Aly then % Fixpoint not yet reached
Aly := Al Vo, (Al); % Update analysis information

for (/',/") € Fdo
if (/',1") notin W then W := (', ") - W; % Propagate modification
Output: {Al, | | € Lab}, denoted by fix" (Ps)
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Applying Widening to Interval Analysis

Worklist Algorithm with Widening |
Goal: extend Algorithm 4.9 by widening to ensure termination

Algorithm 7.3 (Worklist algorithm with widening)

Input: dataflow system S = (Lab, E, F,(D,C), ¢, )
Variables: W € (Lab x Lab)*, {Al, € D || € Lab}

Procedure: W :=¢;for (I,I') € Fdo W := W - (I, I); % Initialise W
for / € Labdo
if | € E then Al, .= v else Al, .= 1 p; % Initialise Al
while W + « do
(1,1) :== head(W); W := tail(W); % Next control-flow edge
if o,(Al)) £ Aly then % Fixpoint not yet reached
Aly = Al Vo, (Al)); % Update analysis information

for (/',1") € F do
if (/',1") notin W then W := (', ") - W; % Propagate modification
Output: {Al, | | € Lab}, denoted by fix" (®s)

Remark: due to widening, only fix¥ (®s) I fix(®s) is guaranteed (cf. Thm. 4.12)
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Applying Widening to Interval Analysis

Worklist Algorithm with Widening Il

Example 7.4 (cf. Example 7.1)

_,[[X = 1]1] Transfer functions (for §(x) = J):
¥ (J) - [17 1]

while [...J2}— ©o(J) = J
v @3(@) — (Z)
x = x + 1]} ps([a, b]) = [a+1,b+ 1]
o e ... |RWNH
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Applying Widening to Interval Analysis

Worklist Algorithm with Widening Il

Example 7.4 (cf. Example 7.1)

_,[[X = 1]1] Transfer functions (for 0(x) = J):
| p1(J) = [1,1]
while [...J2}— oo(J) = J
v p3(0) =0
[x := x + 1] oa([a, b)) = [a+1,b+ 1]

Application of worklist algorithm with widening:
terminates with expected result for Al, ([1, +o0]) (on the board)
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Narrowing

Outline of Lecture 7

Narrowing
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Narrowing

Another Widening Example

Example 7.5
—»[x L= 1]1] Transfer functions (for 6 = (Jy, Jy)):
e oildedh) = (1:1].)
) 7 902(JX7 Jy) - (JX7 [27 2])
while | ]3]—> pa(dx, Jy) = (I, Jy)
[ i 34] 904(*'/}(7"/) ([3 3] J)
x o= 3] Ps(k. 0) = (s, 0)
[y =y + 1]5] ps(Jx, [a, b]) = (U, [a+ 1,0+ 1])
SRt e . .. |RWIH
Lecture 7: Dataflow Analysis VI (Widening and Narrowing) m aﬂﬂt\',":rrﬁig'a?ﬂﬂ'gﬂai,




Narrowing

Another Widening Example

Example 7.5
—»[x = 1]1] Transfer functions (for 6 = (Jy, Jy)):
_>[ i 2]2] p1(des dy) = ([1,1], %)
Y .¢ QOZ(JX?JY) = (Jx: [2,2])
while [.. P} Pa(dx; Jy) = (i, Jy)
fa— pulho ) = (.31, 4)
[ - 3] ps(Jx, 0) = (Jy, 0)
y =y + 1] ws(Jx, @, b]) = (s, [a+1,b+1])

Application of worklist algorithm

1. without widening (omitted): diverges (for y) with expected result for x: Alz(x) = [1, 3]
2. with widening (on the board): terminates with unexpected result for x: Al3(x) = [1, +0o0]
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Narrowing

Idea of Narrowing

e Observation: widening can “shoot above the target”, i.e., lead to unnecessarily imprecise

results
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Narrowing

Idea of Narrowing

e Observation: widening can “shoot above the target”, i.e., lead to unnecessarily imprecise
results

e Solution: improvement by iterating again from the result obtained by widening
(i.e., from fixV (®s))

— compute &(fixV(dg)) fork =1.2, ...
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Narrowing

Idea of Narrowing

e Observation: widening can “shoot above the target”, i.e., lead to unnecessarily imprecise
results

e Solution: improvement by iterating again from the result obtained by widening
(i.e., from fixV (®s))

— compute &(fixV(dg)) fork =1.2, ...

e Soundness: fix" (®s) I fix(ds) (cf. Algorithm 7.3)
— OK(fixV(Ds)) T dE(fix(ds)) = fix(Ps)

(since s and thus ¢ monotonic)
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Narrowing

Narrowing Example

Example 7.6 (cf. Example 7.5)

—>[X = 1]1] Transfer functions (for 0 = (Jx, Jy)):
e Pi(der ) = ([1.1], )
— P2 Jy) = (e, [2,2])
while [...J5}— 3y, J ) (JX, J )
. #5(Jr ) (o )
ly =y + 1] (JX, [a b]) (JX, [a+1,b+1])
e . .. |RWIH
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Narrowing

Narrowing Example

Example 7.6 (cf. Example 7.5)

—>[X = 1]1] Transfer functions (for 0 = (Jx, Jy)):
o 01(des dy) = ([1,1], )
[ o, Jy) = (U, [2,2])
While+ [P 03(Jy, dy) = (e, y)
—— Pa(es dy) = ([3,3], )
b o o s, 0) = (o, 0)
ly =y + 1] (JX, [a b]) (JX, la+1,b+1])
Narrowing Al Al, Al, Al, Alc

fix'(®s) [(T,T) (1,11, T) ([1,+o0],[2,+00]) ([1,+00],[2,+c0]) ([3,3], [2, +oc])
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Narrowing

Narrowing Example

Example 7.6 (cf. Example 7.5)

—>[X = 1]1] Transfer functions (for 0 = (Jx, Jy)):
v
== o1(dhy dy) = ([1, 1], o)
\[y ¥ ]] P2(Jx, dy) = (J, [2,2])
while [...J5}— 03(Jy, dy) = (e, y)
v
.= 34 904("/}{7"/) ([3 3] J)
b2 o ool 0) = (o, 0)
ly =y + 1] (JX, [a b]) (JX, la+1,b+1])
Narrowing Al Al Al Aly Als
fix'(®s) [(T,T) ([1.1],T) ([1,+oc], [2,+oq]) ([1,+00],[2, +00]) ([3,3], [2, +00])
dy(fix (¢s)) | (T, T) ([1,1L,T)  ([1,8],[2, +00])  ([1, +o0], [2,+00]) ([3,3], 2, +00])
PR s | . .. |RWNTH




Narrowing

Narrowing Example

Example 7.6 (cf. Example 7.5)

—[x := 1]1] Transfer functions (for 0 = (Jx, Jy)):
v _
R o1(der ) = (11, 1], )
v : i P2, dy) = (,[2,2])
while [...J5}— 03(Jy, dy) = (e, y)
v
34 Paldr ) = (133, 4)
b oo ol 0) = (. 0)
ly =y + 1] (JX, [a b]) = (JX, la+1,b+1])
Narrowing Al Al, Al; Al Als
fix'(®s) [(T,T) ([1.1],T) ([1,+oc], [2,+oq]) ([1,+00],[2, +00]) ([3,3], [2, +00])
ey(fix” (®s)) |(T.T) ([1.1],T)  ([1,3].[2,+0c])  ([1,+00],[2, +00]) ([3,3], [2, +00])
P3(fix” (®s)) | (T.T) (1,11, 7)  ([1,3.[2,+0c])  ([1.3],[2,+00])  ([3,3], [2, +00])
e N, .. |RWIH




Narrowing

Narrowing Example

Example 7.6 (cf. Example 7.5)

—[x := 1]1] Transfer functions (for 0 = (Jx, Jy)):
v _
R o1(der ) = (11, 1], )
v : i P2, dy) = (,[2,2])
o], 1l 03, Jy) = (e, )
.= 34 904("/}{7"/) — ([3 3]"’)
b s o ol 0) = (s, )
ly =y + 1] (JX, [a b]) = (JX, la+1,b+1])
Narrowing Al Al, Al; Al Als
fix'(®s) [(T,T) ([1.1],T) ([1,+oc], [2,+oq]) ([1,+00],[2, +00]) ([3,3], [2, +00])
ey(fix” (®s)) |(T.T) ([1.1],T)  ([1,3].[2,+0c])  ([1,+00],[2, +00]) ([3,3], [2, +00])
P3(fix” (®s)) |(T.T) ([1.1],7)  ([1,3[2,+0c])  ([1.3],[2,+00]) ([3,3], [2, +00])
®(fix” (®s)) | (T.T) (1,11, 7)  ([1,3][2,+cc])  ([1.3],[2,+00])  ([3,3], [2. +00])
s i - RWTH
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Narrowing

Narrowing in Practice

e Problem: narrowing may not terminate (due to infinite descending chains)
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Narrowing

Narrowing in Practice

e Problem: narrowing may not terminate (due to infinite descending chains)
e But: possible to stop after each step without losing soundness (¢%(fix¥ (®s)) I fix(Ps))
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Narrowing

Narrowing in Practice

e Problem: narrowing may not terminate (due to infinite descending chains)
e But: possible to stop after each step without losing soundness (¢%(fix¥ (®s)) I fix(Ps))

¢ In practice: termination often ensured by using narrowing operators
(=~ counterpart of widening operator; definition omitted)
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