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Recap: Widening and Narrowing

Widening Operators

Definition (Widening operator)

Let (D, C) be a complete lattice. A mapping V : D x D — D is called widening
operator if
e for every di,db> € D,
dud C diVab
and
e for all ascending chains dp C d; C .. ., the ascending chain dy’ = d C ... eventually
stabilises where

dy := dp and d

¥, :=dYVd4foreachie N

Remarks:
e The requirement d; LI d> C d; Vd» guarantees soundness of widening
e (dY)cy is clearly an ascending chain as d; = ' Vdi1 2 d¥ U diyq I dY

I

e [n contrast to LI, V does not have to be commutative, associative, monotonic, nor
absorptive (dVd = d)
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Recap: Widening and Narrowing

Applying Widening to Interval Analysis
e A widening operator: V : Int x Int — Int with
O0VdJ :=JV0:=dJ
[x1, %|V[y1, yo| :== [21,22] where

Xq if x; < y4
—o0 otherwise
Xo it xo > yo
+o0 otherwise

Z{ =

Zo =

e Widening turns infinite ascending chain
bo=0Ch=1,1Ch=[1,2Cdh=[1,3C...

into a finite one:
I =do =10

JY = JyVdy = 0V[1,1] = [1,1]
Jy = JYVde = [1,1]V[1,2] = [1, + 0]
Jy =JyVds =[1,400]V[1,3] = [1, +o0]

e In fact, the maximal chain size arising with this operator is 4:
D C [3,7] C [3,+00] C [~00, +oq]
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Recap: Widening and Narrowing

Narrowing

e Observation: widening can “shoot above the target”, i.e., lead to unnecessarily imprecise
results

e Solution: improvement by iterating again from the result obtained by widening
(i.e., from fixV (®s))

— compute &(fixV(dg)) fork =1.2, ...

e Soundness: fix" (®s) I fix(ds) (cf. Algorithm 7.3)
— OK(fixV(Ds)) T dE(fix(ds)) = fix(Ps)

(since s and thus ¢ monotonic)
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Taking Conditional Branches into Account

Taking Conditional Branches into Account |

e So far: values of conditions have been ignored in analysis

e Essentially: if and while statements treated as nondeterministic choice between the two
branches

Example 8.1
y = 0; e Interval analysis (with widening) yields for label 3:
Zh:I 0; s o 4 x € [—00, +00]
while [x > O do < [0, +oo
y :==y+1
end; e Too pessimistic! In fact,
zZ =z + X; x € [—00, +00]
x :=x - 1 y € [0,17]
end; Zc [O, —H)O]
i i ... |RWH
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Taking Conditional Branches into Account

Taking Conditional Branches into Account Il

e Solution: introduce transfer functions for branches
e First approach: attach (negated) conditions as labels to control flow edges

— advantage: no language modification required
— disadvantage: entails extension of DFA framework
— will not further be considered here

e Second approach: encode conditions as assertions (proper statements)

— advantage: DFA framework can be reused
— disadvantage: entails extension of WHILE language
— the way we will follow

RWTH
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Taking Conditional Branches into Account

Conditions as Edge Labels vs. Conditions as Assertions

Example 8.2 (cf. Example 8.1)

—{[y :=0]']

v y = 0;
“z = OF] z := 0;
v while x > 0O do

assert x > 0;

if y < 17 then
assert y < 17;
y :=y +1

end;

Z =z + X;

x :=x -1

’ end;
[ 17 .
x :=x -1 assert —(x > 0);
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Taking Conditional Branches into Account

Extending the Syntax of WHILE Programs

Definition 8.3 (Labelled WHILE programs with assertions)

The syntax of labelled WHILE programs with assertions is defined by the following
context-free grammar:
a.—=2 ‘ X ‘ aitao | ai—ao ‘ ai*a, € AExp
b:=t | a{=ao ‘ ai>ao | —b | b1/\b2 ’ b1\/b2 © BEXp
c::=[skip]' | [x :=4d]' | ¢15¢ |
if [b] then ¢ else ¢; end | while [b]' do c end | [assert b]' € Cmd

To be done:
e Definition of transfer functions for assert blocks (tailored to analysis problem)
e |dea: assertions as filters that let only “compatible” information pass
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Conditional Constant Propagation Analysis

Original Constant Propagation Analysis

e Complete lattice (D, =) where
-D:={0|d: Var, - ZU{L,T}}
m 0(x) = z € Z: x has constant value z (i.e., possible values in {z})
m 0(x) = L: x undefined (i.e., possible values in ()
m §(x) = T: x overdefined (i.e., possible values in Z)
— L € D x D defined by pointwise extension of 1. L z L T (for every z € Z)

e Transfer functions {y, | | € Lab} defined by
(5) — ) if B/ = skip or B' € BExp
PROZ 1 6[x - vals(a)] if B = (x := a)

where
z10p 2z ifzy,z0 €7
vals(x) := §(x) pze 1z
valy(z) = z vals(a; op az) = ¢ L ifzy=_Lorz=_1
s T otherwise
for zy := vals(a;) and z, = vals(a.)
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Conditional Constant Propagation Analysis

Transfer Functions of Assertions |
Additionally for B' = (assert b), d : Var, — ZU {1, T} and x € Var,:

L ifflo € Ls: val,(b) = true
0(0)(x) =Rz ifVo e X;:val,(b) =true = o(x)=2z
T otherwise

where
e the set of J-states is given by
D ifo(y)=L
Ys:=qo0:Varc —7Z|Vy € Varg:o(y) € < {z} ifd(y)==z
Z  ifé(y)=T

(and thus X; = 0 iff 5(y) = L for some y € Var,)
e the evaluation function val, : BExp — B for o : Var, — Z is defined by

: true if val,(b) = false
val,(t) =t val,(—b) = a(. )
false otherwise
val,(ai=ap) := (val,(ai) = valg(gg)) val, (bybs) — true if val,(by) = val,(b2) = true
(val, : AExp — Z on previous slide) o\P1AP2) = Y talse  otherwise
B e ... |RWNH
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Conditional Constant Propagation Analysis

Transfer Functions of Assertions I

Example 8.4

1. Varc ={x,y,z},0 =(_L_.. 1 _._T_)
X y z
— Y5 =0 = passert b(0) = (L, L, 1) for every b € BExp

2. Vare = {x,y,z}, 0 =(1_, 2., 1)

x y z
— X5 = {(17272) ‘ VALS Z} = Passert X=y(5) (J—7 1, J—)
Passert y=z(5) — (1 ) 2; 2)
Passert y<z(5) — (1 ) 27 T)
Passert x<=z/\y>z(5) = (1 , 2, 1)

3. Varc — {X7Y>Z}= 0 = (\1/7\—;7\—;)
X y z

— Y5 = {(1,21,22) ‘ Z1,20 € Z} — QPassert x=y(5) - (1717—|—)
Passert y=z(5) — (1 ) T7 T)

14 of 25 Static Program Analysis
Summer Semester 2018

Lecture 8: Dataflow Analysis VII (DFA with Conditional Branches) ‘

Software Modeling
Il and Verification Chair

RWTH



Conditional Constant Propagation Analysis

Transfer Functions of Assertions lll

Remarks:

e For B' = (assert b)and ¢ : Var, — Z U {L, T}, ¢(6) C § and hence ¥, 5 C % (“filter”)

e Constant propagation captures interdependencies between variables only when both are
constant (cf. “assert y=z” in Example 8.4(2)/(3))

e ©,(0) can be determined (or at least approximated) by Satisfiability Modulo Theories (SMT)
techniques

e If CP/(x) = L forsome | € Lab; and x € Var, then | is unreachable
(and CP,(y) = L forall y € Var,)

RWTH
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Conditional Constant Propagation Analysis

An Example
Example 8.5
if [x = 1]' then Without assertions With assertions
CPy=(T,T) CPy=(T,T)
[y = x + 1]3 CPQZ(T,T)
else CP3;= (T, T) CPz=(1,T)
CP,=(T,T)
ly := 2]° CPs=(T,T) CPs=(T,T)
end; CPg=(T,T)U(T,2) CPg=(1,2)U(T,2)
[skip]® =(T,T) = (T, 2)
L, .., RNTH
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Conditional Interval Analysis

Original Interval Analysis

e Intervals over 7 defined by
Int .= {[21,22] ‘ Zy € yAu {—OO},ZQ e ZU {+OO}},Z1 < 22} U {@}

where
— —00 < z < +oo (forall z € Z)
— () C J (forall J € Int)
— [y1, 0]l € 21, 2] iff 2z < yyand y» < 2,
e Complete lattice (D, C) where
-D:={6]6: Var, — Int}
— 0y C 0, iff 04(x) C 02(x) for every x € Var,
e Transfer functions {¢, | | € Lab} are defined by
5y.— J90 if B' = skip or B' € BExp
2il9) S[x — vals(a)] if B'=(x :=a)

where / | /
valy(x) = 5(x) 2 s(ay+ap) == vals(ay) @ vals(az)
valy(2) = [z, Z] vals(ai-ap) := vals(ar) © vals(ay)
5(2) == |z, vals(aixaz) := vals(ai) © vals(az)
. :La;:inz:og;;::g?ggz o Software Modeling
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Conditional Interval Analysis

Transfer Functions of Assertions |
Additionally for B = (assert b), § : Var, — Intand x € Vary:

0 if Z = ()
pi(0)(x) = {

{HZU{—OO} Z, |_|Zu{+oo} Z| otherwise

where
o Z:={o(x) | o € s, val,(b) = true}
o ;:={0:Varo—~Z|Vy e Var,:o(y) € i(y)}
(and thus X5 = () iff 5(y) = () for some y € Var,)
e val, : BExp — IB: see Slide 8.13

RWTH
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Conditional Interval Analysis

Transfer Functions of Assertions I
Example 8.6
Var, = {x,y}, 0 = ([~0,2], [0, +00])

4

~

— Passert X>O(5) (1 Y 2]7 [07 +OO])
Passert x=y(5) — (:07 2]7 [07 2])
(0) = ([1,2], [0, 1])
((S) (._0072]7 [07+OO])

Passert x>y

Passert x<y

Remarks:
e Again for B' = (assert b) and § : Var, — Int, p/(6) C ¢ and hence ¥, ;) € ¥; (“filter”)

e Again if Al;(x) = () for some | € Lab, and x € Var, then [ is unreachable
(and Al(y) = () for all y € Vary)
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Conditional Interval Analysis

An Example

Example 8.7 (Interval analysis for array index; cf. Example 6.7)

_. p1(J) =0, 0]

— : pa(J) =J
while [lv <= 42]2H[assert i> 42]6] 25(J) = J N [—o0, 42)]

[assert i <= 42 pa(J) = J

v

1 .= 4 ps(0) =0
(22 ¥ ] ps(lir, io]) = [i + 1, &2 + 1]
i =i+ 1] s(J) = J N [43, +00]
Worklist w. widening Al Al Alg Al Als Alg Al
12,28,34,45,52,26,67 |[-oco, +oo] 0 0 0 0 0
23,34,45,52,26,67 | [—o0, +oo| [0, 0] ) 0 0 0 )
34,45,52,26,67 | [—o0, +oo] [0,0] [0,0] 1] 0 ) )
45,52,26,67 | [—oo0, +00] [0,0] [0,0] [0,0] 0 0 )
52,26,67 | [-0o,+oo] [0,0] [0,0] [0,0] [0,0] ) )
23,26, 67 | [—00, +o0] [0, +0cc] [0,0] [0,0] [O,0] 0 0
34,26,67 | [—00, +0] [0, +0¢] [0, +0c] [0,0] [0, 0] 0 0

—457_267_6l — ; ; ; ;
21 of 25 StaticProgramP5£s|s26 67 [ 0 _|_OO] [O _’_OO] [O _|_OO] [O _|_ O,+OO] @

f:gﬂeerSSeDZ;?Its\:vaO:alyms’V@ FA{wth 8)?d?t|onal Bra}c{eo +OO] [O +OO] [0 +ﬁ%ﬂ?ﬁ9@” o ‘QRM
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Conditional Interval Analysis

An Example (continued)

Example 8.7 (Interval analysis for array index; continued)

—{i := Y ¢1(J) = [0,0]
while [iv <= 42]}—{[assert i > 429 g%:jm o0, 42]
[assert vl <= 42]%] pa(J) = J
Gl = .. [ es(0) =0
v (,05([11,12])—[11 —|—1,IQ—|—1]
[i =i+ 1] s(J) = J N [43, +00]
Narrowing Al Al, Alg Al, Als Alg Al
fixV(®s) |[—o0,+00] [0, +00] [0, +00] [0, +00] [0, +-00] [0, +oc] [43, +o0]
d5(fixV(®s)) | [0, +00] [0, +-00] [0, +00] [0,42] [0, +oc] [0, +00] [43, +o0]
d2(fixV(Ps)) | [0, +00] [0, +00] [0, +¢] [0,42] [0,42] [0, +00] [43, +o]
d3(fixV(Ps)) | [-oo, +o0] [0,43] [0,+oc] [0,42] [0,42] [0, +oo] [43, +o0]
dE(fixV(®s)) | [-oo, +oo] [0,43] [0,43] [0,42] [0,42] [0,43] [43, +od]
% (fixV(Ps)) | [-o0, +00] [0,43] [0,43] [0,42] [0,42] [0,43] [43,43]
8 (fixV(®s)) | [-oo, +00] [0,43] [0,43] [0,42] [0,42] [0,43] [43,43]
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Optimisation in the GNU C Compiler

Live Variables

Source: W/o optimisation: With -03:
int f() {
int a; _f: _f:
a=1; ## @f ## @f
a = 2; .cfi_startproc .cfi_startproc
return a; ## BB#0: ## BB#0:
} pushg  %rbp pushg  %rbp
LtmpO: LtmpO:
.cfi_def_cfa_offset 16 .cfi_def_cfa_offset 16
Ltmp1: Ltmp1:
.cfi_offset %rbp, 16 .cfi_offset %rbp, 16
movq %rsp, %rbp movq %rsp, %rbp
Ltmp2: Ltmp2:
.cfi_def_cfa_register %rbp .cfi_def_cfa_register %rbp
movl| $1, 4(%rbp)
movl $2, 4(%rbp) movl $2, %eax
movl 4(%rbp), Y%eax
popq Y%rbp popq Y%erbp
retq retq
.cfi_endproc .cfi_endproc
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Optimisation in the GNU C Compiler

Available Expressions

Source:

W/o optimisation:
int f(int a,int b){ ;.

With -03:

## @f
int c; .cfi_startproc @ _f: f ## @f
= axb- ## BB#0: .cfi_startproc
Cif (2 2’0) pushq  %rbp ## BB#0:
LtmpO: pushq  %rbp
{return axb+1;} .cfi_def_cfa_offset 16 LtmpO
else Ltmp1 : ' fi_def_cfa_offset 16
: .cfi_offset %rbp, 16 . -chi.det.cta-offse
{return axb+2;} mova  %rsp . %rbp Ltmp1 :
} Ltmp2: ’ .cfi_offset %rbp, 16
.cfi_def_cfa_register %rbp movq  %rsp, %rbp
movl %edi, 8(%rbp) Ltmp2: . _
movl| %esi, 12(%rbp) :Cfll,ldef}cfa},r(jgljsfter %rbp ]
movl 8(%rbp), %esi imu esi, %edi ;a
imull 12(%rbp), %esi ; axb testl  %edi, %edi ; axb = 07
mov!| %esi, 16(%rbp) ; store c setle  %al
cmpl $0, 16(%rbp) ; ¢ > 07 movzbl %al, %eax
jle LBB0_2 leal 1(%rax,%rdi), Y%eax
## BB#1: popq %rbp
movl| 8(%rbp), %eax retq
imull 12(%rbp), %eax ; axb i
add| $1, %eax ; add 1 - cfi-endproc
movl| Yeax, 4(%rbp)
jimp LBB0_3
LBB0_2:
movl| 8(%rbp), %eax
imull 12(%rbp), %eax ; axb
addl $2, Y%eax ; add 2
movl| Yeax, 4(%rbp)
LBB0_3:
movl| 4(%rbp), Y%eax
popq Y%rbp
retq
cfi_endproc
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