Semantics and Verification of Software
apl. Prof. Dr. Thomas Noll
Benjamin Kaminski Christoph Matheja

Exersice Sheet 6

Sample Solution

Task 1: Partial Correctness Properties

(a)
The required partial correctness property is
{n >2Aeven(n)}c{dq,p. n = g+ p A prime (q) A prime (p)}

Where even (n) and prime (n) are defined as follows:
-even(n)=3dz.n=2-z
- prime(n) =n>1AVk 3L.1>1An=k-l) = (k=1Vk=n)

TV
“k is divisor of n/’

(b)

The existence of a suitable program ¢ does not imply Goldbach’s conjecture,
as the postcondition is only fulfilled if ¢ terminates which is not guaranteed
by partial correctness.

Task 2: Relative Completeness

(a)
Program ¢ wp (¢, B)
skip B
Ti=a Blx + a]
c1; e wp (c1, wp (c2, B))
if b then c; else ¢ (bAwp(c1, B))V (=bAwp(c2, B))
while b do ¢ (=bA B)V (bAwp(c, wp(while bdo ¢, B)))
= A Fj, where
1€N
Fiiy1=(=bAB)V (bAwp(F;, B)) and
Fy = true




(b)
We will proof by induction on the structure of the syntax of ¢ that the Hoare
logic is relatively complete.

Induction Base:

c £ skip Trivial by the rule

—— (ski
(Byskip (B} 7

c2ci=a Trivial by the rule

asgn)

{Blx—al}x :=a{B} (
—_——

wp(z:=a, B)

Induction Hypothesis:

= {wp (¢, B)} c{B} holds for any program c.

Induction Step:

A
C = C1; C9

By induction hypothesis, we know that = {wp (c2, B)} co { B} holds.
Furthermore, by induction hypothesis, we have

= {wp (a1, 7{]3(02, B))} ci{wp (c2, B)}.

:wP(Cl§ C2, B)

Then we obtain a proof using the (seq)-rule:

(wp(ers e Byer{wp(en B} {wp(en B (B}

{wp(cl; Ca, B)}C1; Co {B} )



¢ £ if b then ¢ else ¢y

By induction hypothesis, we have - {wp (¢1, B)}c1 {B} and F {wp (c2, B)} ¢
We then obtain the following proof:

®

= ((bAwp(e, B)) = wp(cr, B)) FA{wp(er, B)jer {B} |=(B= B)
{bAwp(c, B)}er {B}
©

= (b Awp(c, B)) = wp (e, B)) FA{wp(cy, B)}e2{B} [ (B= B)
{=bAwp(c, B)}cs{B}

(cons)

(cons)

® 8
{wp (¢, B)}if b then ¢; else ¢y { B}

(if)

¢ £ while b do ¢

By induction hypothesis, we have - {wp (¢, A)} ¢ {A} for any as-
sertion A.
In particular, we may choose A = wp (while b do ¢/, B). Then

®

EAANb=A) H{wp(d, A)}d{A} E (A=A
{AND}{A}
{A} while b do ¢/ {A A —b}

(cons)

(while)

=4 @ Fldrb=5)
{wp (while b do ¢, B)} while b do ¢/ { B}

ons)

In each case we found a prove showing that - {wp (¢, B)} ¢{B} holds.

Task 3: Strongest Postconditions
(a)

Let A, B € Assn, I € Int(Interpretation).
Then the strongest postcondition can be defined as



(b)

(c)

plle, A] = N BI:{J’EE\EIJ.J }:IA/\C[[C]]J:U’}

={A}e{ B}
Program c sp(c, A)
skip A
ri=a dz. (x=alx— z]) N Az — 2]
C1; C sp (ca, sp(c1, A))
if b then ¢ else ¢ sp(c1, AND)V sp(ca, AN—D)
while b do ¢ sp (while bdo ¢, sp(c/, AAD))V (AA —b)
= A Fj, where
ieN
Fipr = (=b = A)A (b= sp(c, F)) and
Fy = true

sp (z
sp (y
sp (y
sp (y
sp (z
sp (#

(E]Zl.
sp(z:

=2z, y:=c+2; z:=y+x, v=1)

=x+2; z:=y+ux, splr:=2-2z, x =1))

=x+4+2; z:=y+uz, Iz (x:=2-2) x> ) A(x=1)][x— 2]
=x+4+2; z:=y+uz, Iz. (x:=2-21) A (21 =1))

=y+ax sply:=x+2, Iz1. (x:=2-21) A\ (21 =1)))
=y+x, I (y=(@+2)[y— ) A

(y:
(x:=2-21) N (21 =1)) [y'—>22])
=y+x, 2. (y:=(@+2)A(3F2. (x:=2-21) A (21 =1)))

dz3. (z:=(y+ ) [z z3)) A

(322

323. (

(y:

(x+2) A (Fz1. (x:
(y+ ) A (Jzo. (y:

2) Az =1))) |z = 2
+2) A (Fz1. (x:=2-21) A (21 =1)))



(d)

We first compute wp?! (¢, false) and sp’ (¢, false) for any I € Int:

sp! (c, false) = {0’ € £ | Jo.o E false A €]c]o =0’} = ) = false
wp! (c, false) = {o € B, | €[c]o ' false}

=:A

We then have to show that

= {wp (¢, sp(c, false))} c{sp(c, wp (c, false))}
& EA{wpl(c, false)} c{sp(c, wp(c, false))}
& E{A}c{sp(c, A)} (this is always true, see (a))

Therefore, the statement is correct.



