Concurrency Theory
Series 3 - Solution

Exercise 1 Semantics of HML with recursion
1) Structural Induction. To show: S; C Sy = [F](S1) C
[£](S2).

Induction Base:

[X](S1) = 81 € Sy = [X]
[tt](S1) = S € S = [tt]
[ff](S1) = @ € & = [fi]

Inductive Hypothesis (L.H): S; C S = [Fi](S1) C
[F1](S2) and [F>](S1) € [F2](S52)
Inductive Step:

[ A Bo(Sy) 2 [R](S1) N [Fa](Sh)

‘& RIS N [FI(S)

De
= [Fy A F](S2)
[F1 V Fy] : analogous

Ka)ED(S) "2 Ca)([F](S1))
{s€S|3s' € [F1](S1):5 % s}
g {seS|3se [[Fl]](Sg) s 5 s’}

P L) ([F(S2) "2 [(a) F1)(Se)
[[a] F1] : analogous

Def

*By IH: S, CS = (S/ S [[Flﬂ(Sl) =s € [[Fl]](52>)

O
Complement:
[=FI(T) := S\ ([FI(T))
[~F](S1) :== S\ ([F](51))
[F1(S2) := S\ ([F](S2))

([F](S2)) € S\ ([F](S1)) = Not monotone for Sy # Ss.
2) a)

blal

=

t A (D)} X ({0, 52})

([a-]([tt] ({50, 521))) O CO-) (O] (IXT ({50, 521)))
([a]S) 0 (b-)([-b-{s0, 52})

(5) N (-b-)(S)

51,82}

t
b-)
b-)
b-)

(
(
(
{s

b)
Fl(@)=o
F'(2) = [{b){a)tt v (b)[b] X](2)
= (b)((-a-)(9)) U (-b-)([-0-](2))
= (-b-)({s0,51,53}) U (-b-) ({0, 83})
= {51,582}

F2(@) = ... = (-b:)({s0, 51, 83}) U (-b-}({s0, 51, 53})
= {s1,5} = F'(2)

The fixpoint is {s1, s2}.

)

[-a-)(T) (a)(T3) N [b)(Ty)  [b](Th)
0 S S S
1 S {30,51,53}08 S
2 {so,81,82} {s0,81,83} N{s0,s3} {s0,s3}
3 {81,82} {50,81,83}0{80,83} {80,83}
4 {81,52} {50,83} {80,83}

Exercise 2 Complete Lattices

"<": Assume for each Y C M : (*) v(NY) =1{y(l) | | €
Y}

i) Let dy C do;dy,de € M. Then y(dy) = v(M{d1,d}) =
M{y(d1),v(d2)} E (d2).

ii) (Note: M@ = T, because ¥l € @ : T T IAVI'(VI" €
=1 Cl")—1I'CT(sincel’ € L\ M))

YT =) =n{r() [leot=no=T

iii) Let mi,my € M. Then ~(M{mi,mo}) =
M{y(ma),y(m2)}.

"=": Assume i), ii), iii) hold. Proof by induction on the
finite cardinality of M’/ C M :

(M) = {y(m) | m e M'} (%)

Induction Base: |M'| = 0.Then M’ =
T, (**) follows from ii).

Inductive Hypothesis (I.H): For an arbitrary but fixed
n € N (**¥) holds if |[M'| = n.

Inductive Step: Let M' = M" U {m"}, m" ¢ M",|M"| =
n. Then

@ and since Mg =

Def

y(mM") (M ;m"})

"B A {y (M), y(m")}

() | e M"Y (m"))
= () | Le MU {m"}}
— () | e M)



Exercise 3 Tarski’s Fixed Point Theorem
Let Ext(f) £ {d€ D | dC f(d)}.
Def. Ext(f) LUB of Ext(f) f monotone

1. Show that FIX(f) C f(FIX(f)): Vd € Ext(f):d T = f(d)  C = FIX(f) T  fFIX(f).
f monotone FIX(f) LU:B; of Ext(f)

1,
2. Show that FIX(f) 2 f(FIX(f)): f(FIX(f)) C FFFIX())) = FFIX(f)) € Ext(f)
FIX(f) 2 f(FIX(f))
3. FIX(f) is greatest: By definition FIX(f) = UExt(f) =U{d € D |dC f(d)} 2 W{de D |d= f(d)} = Vd: f(d)=d —
d C FIX(f)
O



