
Concurrency Theory

Series 8 - Solution

Exercise 1 Game Characterization of Bisimulation

1. "⇒": s ∼ t. Construct a universal winning strategy
for the defender.

(a) Attacker chooses s and makes move s
α→ s′. By

s ∼ t there exists a t′ so that t
α→ t′ and s′ ∼ t′.

Defender has a universal winning strategy from
(s′, t′).

(b) Attacker chooses t and makes move t
α→ t′. By

s ∼ t there exists a s′ so that s α→ s′ and s′ ∼ t′.
Defender has a universal winning strategy from
(s′, t′).

"⇐": Defender has a universal winning strategy.
Show that s ∼ t holds.

(a) If s
α→ s′, then the defender can choose t′, so

that t
α→ t′ and the defender has a universal

winning strategy from (s′, t′).

(b) If t
α→ t′, then the defender can choose s′, so

that s
α→ s′ and the defender has a universal

winning strategy from (s′, t′).

2. "⇐": Attacker has a universal winning strategy. As-
sume s ∼ t holds. ⇒ Defender has a universal win-
ning strategy. Both have a universal winning strat-
egy from (s, t). E⇒ s 6∼ t.
"⇐": s 6∼ t. There exists s

α1→ ...
αk→ s′. But t cannot

mimick this. Choose that as winning strategy for the
attacker.

Exercise 2 Monotonicity of F
Let R,S ∈ P(Prc× Prc),R ⊇ S.
F(R) = {(P,Q) | [P α→ P ′ ⇒ (∃Q′ : Q

α→ Q′ ∧ (P ′, Q′) ∈
R)] ∧ [Q

α→ Q′ ⇒ (∃P ′ : P
α→ P ′ ∧ (P ′, Q′) ∈ R)]}

R ⊇ S

⊇ {(P,Q) | [P α→ P ′ ⇒ (∃Q′ : Q
α→ Q′ ∧ (P ′, Q′) ∈ S)]

∧ [Q
α→ Q′ ⇒ (∃P ′ : P

α→ P ′ ∧ (P ′, Q′) ∈ S)]}
= F (S)

Exercise 3 Greatest Fixed Point Characterization

of ∼
By Prop.: ∼=

⋃
{R ∈ P(Prc× Prc) | R ⊆ F(R)}

F monotone on (P(Prc × Prc),⊇) ⇒ F monotone on
(P(Prc× Prc),⊆).

gfp(F) =lub{R ∈ P(Prc× Prc) | R ⊆ F(R)}
(Theorem 5.12, Tarski)

=
⋃
{R ∈ P(Prc× Prc) | R ⊆ F(R)}

= ∼

Exercise 4 Strong Bisimilarity as a Game

s 6∼ t. Universal winning strategy for the attacker:

Attacker Defender

(s, t)
a→ (s, t1) (s, t1)

a→ (s1, t1)

(s1, t1)
b→ (s1, t3) (s1, t3)

b→ (s2, t3)

(s2, t3)
b→ (s2, t3) Defender is stuck.

Exercise 5 Ready Simulation and Bisimulation

P ≡rs Q,Q ≡rs P ⇒ P ∼ Q.
Construct a universal winning strategy for the defender:

• If attacker plays P
α→ P ′, choose Q

α→ Q′ from
P ≡rs Q.

• If attacker plays Q
α→ Q′, choose P

α→ P ′ from
Q ≡rs p.

Always end up in a position where the attacker can α-
move i� the defender can α-move.
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