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Il und Verifikation

Exercise Sheet 7

General remarks:

e Due date: February 10" (before the exercise class). You can either hand your solutions
in at the beginning of the exercise class or submit them via email to

proprol617@i2.informatik.rwth-aachen.de

e Solutions must be written in English.

e If you have any questions regarding the lecture or the exercise, feel free to write us an
email or visit us at the chair.

Exercise 1 (Computing the expected runtime)
Compute the expected runtime of the following pGCL program c:

{b := true} [V/2] {b := false};
if (b) {

}else {
{b:= true} [1/2] {b:= false};
ite (b) {s:= true} {s := false}
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Solution: We write ¢;; to denote the program starting in line 7 and ending in line j. Further
note that we start with continutation 0 as we are interested in the runtie of c.

ert[c](0)
= ert[cy1](ert[ca7](0))
]

= ertc11](1 + [b] - ert[s := true](0) + [b] - ert[cs6](0))

— ertlea] (1 FB] - (1+0) + (=] ertless)(1+ [B]- (1+0) + [8] - (1 + o>>)
=2

= ertlc11](1 + [b] 4+ [b] - (1 + Y2 - ert[b := true](2) + 1/2 - ert[b := false](2)))

— ertfen](1+ ] + [] - 4)

= 1+12-(14+1+[b(b+ true)) +1/2- (1 + 1+ [-b](b— false)-4)

= 1432462 = 541/
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Exercise 2 (Relation between ert and wp)
Prove that for any runtime ¢ € T and pGCL program c,

ert[c](t) = ert[c](0) + wp[c]|(t) .

Hint.  In order to use an inductive argument (on the program structure) it will be
necessary to appropriately strengthen the claim.
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Solution: We prove by induction on the structure of ¢ that
ert[c|(t1 + t2) = ert[c](t1) + wplc](t2) -

By setting t; = 0 we recover the original claim.
The (base) cases of skip, abort and assignments are straightforward. For the remaining cases
we have:

Conditional Branching:

ertlite (G) {c1} {ca}](t1 + t2)
= {def. of ert}
1+ [G] . ert[cl](tl + tg) + [—\G] . ert[cz] (tl + tz)
= {IH. on ¢1,¢2}
1+ [G] - (ertled)(t1) +wpler](t2)) + [G] - (ertlea](t1) + wplea](t2))
= {algebra}
1+ G- ertfer](t1) + [GT - ertfea] (1) + [G] - wp[er] (£2) + [2GT - wplea] (t2)
= {def. of ert,wp}

ertfite (G) {1} {c2}](t1) + wplite (G) {e1} {ca}](t2)

Sequential Composition:

ert[cy; ca(t1 + t2)
= {def. of ert}
ert[cq ] (ert[02](t1 + t2))
= {I.H. on ¢}
ertcy (ert[CQ] (t1) + wplca] (tQ))
= {IH. on ¢1 }
ertler] (ertlea](t1)) + wpler] (wplea] (£2))
= {def. of ert,wp}
ert[c1; co](t1) + wpler; e (t2)

Loop We have to prove that
ertjwhile (G) {c}|(t1 +t2) = ert[while (G) {c}|(t1) + wp|while (G) {c}](t2) ,

which reduces to

Jim F41,(0) = Jim F1(0) + Jim G1,(0) (1)
where
F(X) £ 1+[G] - ert[c)(X) + [-G] - t
N

[G] - wpld](X) + [~G] -t
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Equation (1) follows from
Vn. Fj,(0) = F}(0) + Gy, (0) ,

which we prove by induction on n. The base case n = 0 is immediate as it reduces to 0 = 0+40.
For the inductive case we reason as follows:

Ft?i}ig (O)
= {def. of F**1}
1+ [G] - ertlc](F{'44,(0)) + [2G] - (t1 + t2)

= {IH. on n}

1+ [G] - ert[] (F7*(0) + G11(0)) + [~G] - (t1 + t2)
= {LH. on ¢}

1+ [G] - (ertle) (F1(0)) + wple] (G2,(0)) ) + [<G] - (11 + 12)
= {algebra}

(1+[G] - ertle] (Fr(0) + [-G] - 1) + (1G] wple] (G5,(0)) + [<G] - £2)
= {def. of F™' Gt}
FiFH0) + G7H(0)
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Exercise 3 (Basic properties of ert)

Decide whether each of the following statements are true or false, justifying your answer.
(For true statements, provide a formal proof). Assume t,t1,t0 € T, k € R”? and c is a
pGCL program.

1. ertlc](k-t) = k- ert[c](t);

2. ert[c](t1 +t2) = ert[c|(t1) + ert[c](t2);

3. ert[c](t) = t.
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Solution:

1. False.
ertfz := E|(2-0) # 2-ertlz := E](0)
2. False.
ert[c](0 + 0) # ert[c|(0) + ert[c](0)
=1 =1 =1
3. False

Page 7 of 8




Exercise 4 (Calculating runtimes with wp)
Let ¢ be a pGCL program and ¢ € T be a runtime. Formally define a program transfor-
mation, i.e., a pGCL program ¢ and an expectation f, such that

ertfe](t) = wplc](f).

Explain why your construction is correct (a formal proof is not required).
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Solution: Main idea: introduce a fresh variable counter that is incremented before executing
a statement with a non-zero runtime. Then, after execution of the whole program, the expected
value of counter corresponds to the expected runtime of ¢. Thus, the runtime ¢ is represented
by the expectation f = counter+ t.

The transformation trans : pGCL — pGCL itself is defined inductively as follows:

trans(abort) = abort
tmns( ip) = counter := counter + 1;skip
trans(z := E) £ counter := counter + 1;z:= F
trans({c1} [p] {02}) £ counter := counter + 1; {trans(c1)} [p] {trans(cz)}
trans(ite (G) {c1} {ca}) = counter:= counter + 1;ite (G) {trans(c1)} {trans(cz)}
trans(while (G) {c1}) £ counter := counter + 1;while (G) {trans(c1)}

Then ¢ £ counter := 0; trans(c).
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