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Sample Solution

Task 1: Fusion Lemma

(a)
H

D1—>D2
F G
D1—>D2

@ We first prove that G™ (1) = H o F™ (L) by induction over n.

Induction Base: n =20

H strict

G'(Ly) =1, " =" H(Ly)=H(F" (L))

Induction Hypothesis:

G" (Ls) = H (F™(Ly)) holds for any arbitrary but fixed n € N.

Induction Step: n—n+1

GnJrl (J_Q) = GoG" (J_Q)
M GoHoFm (1)
GOH;HOF HoFoFEm (J_l)

H (Fn—H (J-l))

@ Now we prove that fix (G) = H (fix (F)).

fix(G) = U{G"(Lls)|n € N} | by Tarski-Knaster
U{Ho F"(Li)[n €N} |by (1)
H(U{F"(Ly)|neN}) | by H continuous
= H (fix(F)) | by Tarski-Knaster



(b)

Wrong!
Dl DQZ
r2G
UG
H
LI
FC fix(F) i fix(G) _ DG
F U G
J_l J—Q

G, F, H continuous v
HoF=GoH Vv
H (fix (F)) = ¢ # fix (G)

Task 2: Tarski-Kantorovich Principle

Prove or disprove: Let (D, C) bea CCPO and let F': D — D be continuous.

Moreover, let d € D, such that d C F (d).

Then F' has at least one fixpoint larger than d and the least of those fixpoints

is given by

U{F"(d) |n € N}

We disprove this assumption by specifying a counterexample.
We define F' in such a way that d = F' (d) but d # fix (F).
Utilising Tarski-Knaster and the definition of this partial order we get d C

F(d) and U{F"(d)jn e N} =d 2 d.




Prove or disprove: Let (D, £) be a CCPO and let F' : D — D be continuous.
Moreover, let d € D, such that d T F (d).

Then F' has at least one fixpoint larger or equal than d and the least of those
fixpoints is given by

U{F"(d) |n € N}

Let d := LU{F" (d) |n € N}.
d exists, since d C F'(d) C F?(d) C - -+ is a chain and D is a CCPO.
d is a fixpoint since

F@) — F(U{F"(d)n e N}

= U{F"'(d)|n € N} | by continuity of F
U{F"(d)lneN} | dE F(d)
d

d is least fixpoint “above” d
Let x be another fixpoint “above” d “smaller” than d, i.e.

(1) flz)=2
(2) dCx
(3) zCd
But:
dCx = F(d)CF(x) | £ monoton
= VneN (F"(d) C F"(x)) |
= U{F"(d)|n e N} CU{F"(x)|n € N}
= dCU{F"(z)|neN}
= dCU{zln € N} = {2} | by (1)
= d Lo
= d=u | by (3) and
anti-symmetry of
CCPO

Task 3: Complete Lattice

Every chain is a subset
Thus: Complete Lattices are chain complete partial orders (CCPO)
= Tarski-Knaster is applicable.



