WEAKEST PREEXPECTATION REASONING

ing for (non)deterministic programs (see Chapter 2) to probabilistic

programs with nondeterminism (see Chapter 3) is the subject matter
of this chapter. We will present so—called expectation transformer calculi for
quantitative reasoning about partial and total correctness of such programs.
Furthermore, we study some basic properties of these transformers.

The idea of expectation transformers goes back to Kozen’s seminal work on
probabilistic propositional dynamic logic (PPDL) [Koz85]. PPDL is a modal
logic for reasoning about (in our terminology) tame probabilistic programs,
i.e. probabilistic programs without nondeterminism. Later, Mclver & Mor-
gan (re)incorporated nondeterministic choice and developed the weakest
preexpectation calculus [MMS96; MMO05]. We will present the calculus in
the style of Mclver & Morgan here, although it should be noted that —
on fully probabilistic programs — their calculus is very closely related to
PPDL (basically, the two formalisms coincide).

L IFTING weakest precondition reasoning and anticipated value reason-

41 REASONING ABOUT EXPECTED VALUES

N an effort to enable formal reasoning about probabilistic programs, we
Inow lift the notion of anticipated value reasoning (which subsumes rea-
soning about predicates; see Section 2.3.2) to weakest preexpectation reason-
ing (which will subsume reasoning about probabilities of events). As a first
example, consider the program

{x :=5}[45]{x :=10} .

In contrast to a deterministic program, the variable x may have value 5 or 10
after termination of the program. Hence, there is no single anticipated value
of x. That fact renders the whole concept of an anticipated value useless as is
in the context of the above probabilistic program.

The situation is similar to a nondeterministic choice, were we also did
not necessarily have a single anticipated value available. More detrimen-
tally even, we had no information whatsoever on what branch is going to
be executed. We therefore chose the minimal (demonic nondeterminism) or
maximal (angelic nondeterminism) anticipated value of x (see Section 2.3.3).
For the program above, this would be 5 or 10, respectively.

For probabilistic choices, the situation is in some sense better: We do
have some information on the further course of the execution, namely the
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probability with which each of the two branches is executed. While this
still does not tell us for sure what is going to happen, it does provide us
with quantitative information that we can sensibly incorporate into reasoning
about probabilistic programs.

Imagine in the program above that x is some sort of payoff, penalty, or
something alike. Instead of determining a minimal or maximal anticipated
value of x, a generally accepted and arguably very important concept in the
realm of probability theory is the notion of the expected value of x. For the
case of payoffs, we would then obtain a mean or average payoff.

In order to determine the expected value of x in the program above, we
need to average the anticipated value of x from the left and the right branch,
which is wp [x :=5] (x) =5 and wp [x :=10] (x) = 10, respectively. Weighting
those anticipated values with the probabilities with which the branches are
executed then gives us the expected value

2owp[x:=5](x)+L-wp[x:=10] (x) = 2-5+1-10 = 6.

The explanations above already provide most of the intuition we need for
extending the anticipated value calculus to reasoning about expected values
for probabilistic programs. In the following, we gradually develop the weak-
est preexpectation calculus which allows us to conduct this sort of reasoning
in a systematic way.

4.1.1 Weakest Preexpectations

Similarly to anticipated value reasoning (see Section 2.3), we are given a pro-
gram C, an initial state o, and a function f mapping (final) program states
to positive reals or infinity. Let us first — for now — leave nondeterminism
out of the picture and consider only tame programs C.

For the function f we would like to know its expected value with respect to
the distribution over final states obtained by executing C on ¢ (i.e. the distri-
bution [C],, see Section 3.3.2). Such a function f can thus simply be thought
of as a random variable. We follow a widespread terminology here! and refer
to the class of random variables we use in our setting as to expectations:

DerintTioN 4.1 (Expectations):
A. The set of expectations, denoted E, is defined to coincide with the
set of anticipations (see Definition 2.10), i.e.

E={f|f:2oRY} =A.

Consequently, the complete lattice (E, <), its least element, and
the construction of suprema is defined exactly as for anticipations,

1 See e.g. [CNZ17], [Fen+17], [Cha+16], [CS14], [Coc14], [GKM14], [CS13], [Kat+10], [APM09],
[MMO5], [Mon05], or [MM99].



4.1 REASONING ABOUT EXPECTED VALUES

i.e. the order relation is given by

h=fh it VYoeX: fi(o) < falo);
the least element is

Ao. 0,

which we overloadingly denote by 0; and the supremum of a sub-
set S C E is constructed pointwise by

supS = Ao. sup f(o).
fes

We write f << g to indicate that f is everywhere smaller than g, i.e.

f<g iff VoeX: f(o) < glo).

B. The set of bounded expectations, denoted E- ), is defined as®

IESBb = {fE]EleEIRZ(): f =< b} .
(E<qp, <) is a lattice with least element 0 (as above) but it is not
complete since suprema are not guaranteed to exist.’

c. The set of one-bounded expectations, denoted [E. is defined as
Eq = {feE|f=1}.

(E<, <) is a complete lattice with least element 0 (as in A. above)

and greatest element Ao. 1 which we overloadingly denote by 1.
Suprema are constructed as in E.

We remark that Mclver & Morgan’s oeuvre on weakest preexpectation rea-
soning relies in almost its entirety on bounded expectations [MMO05; KM17]
(in particular, see [MMO5, p. 25 (especially Footnote 39) and Section 2.11]).
Bounded expectations do not form a complete lattice and existence of least
fixed points is not a consequence of the Kleene fixed point theorem but has
to be proven by different means [MMO05, Lemma 5.6.8].

We, on the other hand, take a more general view in which expectations
may generally be unbounded and even evaluate to infinity. Indeed, we de-
pend on these more general unbounded expectations because we will later
use expectations to reason about expected runtimes, which in general cannot
bounded by a constant but depend on the input.

2 For b e Ry(, we write f <btomean f <Ao. b.
3 E.g., theset{)o.1, Ao. 2, Ao. 3,...} CE<3; has supremum Ao. oo € E but Ag. co € E<qy.
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Reasoning about expected values. Analogously to anticipated value rea-
soning, we will refer to the expectation whose expected value we want to
know as to a postexpectation. Given a postexpectation f € E and a proba-
bilistic program C, we would like to know a function g € E that maps each
(initial) state o to the expected value of f after execution of C on input o.
We call this function g the

weakest preexpectation of C with respect to postexpectation f

and denote it by wp [C] (f). The characterizing equation of a weakest preex-
pectation is given by

w1 () = do. | Falcl,, (4.1)

where we denote by Iz h d p the expected value of expectation (read: random
variable) h with respect to a distribution y over the set of program states X.

ExamrLrE 4.2 (Weakest Preexpectations):
Consider the program

{x :=x+5}[45]{x :=10} .

Suppose we want to know the expected value of x, i.e. the weakest preexpec-
tation of the above program with respect to postexpectation x. This weakest
preexpectation is given by
4x
2 (x+5)+%-10 = —+6.
When executing the above program on initial state o, the expected value of
x is hence 40(*)/5 + 6.

Reasoning about probabilities. An important special case is when the pos-
texpectation given as [F], where F is a predicate. In that case, we can think of
F as an event and wp [C] ([F]) (o) is then the probability that executing C on
input o will terminate in a final state 7 | F, or in other words: wp [C] ([F]) (o)
is the probability that event F occurs after termination of C on input o.

ExampLE 4.3 (Probabilities of Events as Weakest Preexpectations):
Reconsider the program

{x :=x+5}[45]{x :=10}
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from Example 4.2 and take predicate (i.e. event) F = (x=10). Then the weak-
est preexpectation of this program with respect to postexpectation [F] is
4-[x=5]+1

z .

2 [x+5=10]+1[true] =

Thus, for any initial state o, the probability that x is 10 after executing the
above program on o is 4-1+1)/5 =1 if o(x) =5, and (4-0+1)/5 = 1/5 otherwise.

Reasoning about Nondeterminism. We now bring nondeterminism back
into the picture. As we have seen in Section 3.3.2, we have to resolve all
nondeterminism occurring along the computation of a pGCL program in or-
der to sensibly obtain a probability distribution over final states. Resolving
nondeterminism was achieved by so—called schedulers that resolve all non-
determinism occurring in the computation tree. We thereby obtained a dis-
tribution [C]; relative to some scheduler s

As we can see in Equation 4.1, for characterizing weakest preexpectations
we need a probability distribution. For programs with nondeterminism, we
will have to choose a scheduler in order to obtain a probability distribution.
A sensible choice is a scheduler that minimizes the preexpectation. The char-
acterizing equation of weakest preexpectations for full pGCL is thus given by

wp [C](f) = Ao. inf J falcl; . (4.2)
$€Scheds

The above minimizing exegesis of weakest preexpectations agrees with Dijk-

stra’s original notion of weakest preconditions of (nonprobabilistic) nonde-

terministic programs. For anticipated value reasoning, we called this inter-

pretation demonic nondeterminism.

Angelic nondeterminism, i.e. a maximizing exegesis, is in some cases an
equally sensible choice: If we think about expected runtimes for instance, a
maximizing scheduler cannot even be conceived as very angelic in the truest
sense of the word, but indeed as a demonic worst—case. The characterizing
equation of angelic weakest preexpectations for full pGCL is given by

awplCl(f) = do. swp | FdlCl;. (43)

seScheds

4.1.2 Weakest Liberal Preexpectations

For deterministic programs, the weakest liberal precondition of a program C
with respect to a postcondition (i.e. a predicate) F is a predicate G such that
the execution of C on an initial state o | G will either diverge or terminate
in a state T | F (cf. Section 2.2.5). Weakest liberal preexpectations are the
probabilistic analog to this concept:
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For a predicate F, the weakest liberal preexpectation of C with respect to
postexpectation [F] is an expectation g € [E<; such that g(o) equals the prob-
ability that executing C on input o will either diverge or terminate in a state
T E F. In other words: g(o) is the probability that event F occurs if C termi-
nates on 0. More generally, for any f € E<, the

weakest liberal preexpectation of C with respect to postexpectation f,

denoted by wlp [C] (f), is an expectation in [E<; such that the expected value
of f after execution of C on an initial state o plus the probability that C does
not terminate on o equals wlp [C] (f) (o), formally

s€Scheds

wip [C](f) = Ao. inf Lfd[[cgf; + (1_L1d[[c115;), (4.4)

where the infimum on the right-hand-side accounts for possible demonic
nondeterminism occurring in the program.

ExampLE 4.4 (Weakest Liberal Preexpectations):
A. Consider the program

{diverge} [1/3] {x :=10}

and take predicate (read: event) F = (x=10). Then the weakest liberal
preexpectation of this program with respect to postexpectation [F] is

B. Consider the program
{diverge} [13]{x :=x+5} .

Then the weakest liberal preexpectation of the above program with re-
spect to postexpectation [F] from a. is
1+2-[x=5]

11+% [x+5=10] = 3

c. Consider the program

c:=1

while(c=1){
{diverge} [1/2]{x :=x+1}3
{skip}[1/2]{c:=0}
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and take the event that x is even. Then the weakest liberal preexpecta-
tion of this program with respect to postexpectation [x even] is

2 4-[xodd] [xeven]
3 15 15

4.1.3 The Weakest Preexpectation Calculus

So far, we have seen characterizations for (angelic) weakest (liberal) pre-
expectations, but we have not seen how to systematically determine them
given a concrete program and postexpectation. It turns out that for (an-
gelic) weakest preexpectations this can be done analogously to anticipated
value reasoning (see Section 2.3) and for weakest liberal preexpectations this
can be done analogously to weakest liberal precondition reasoning (see Sec-
tion 2.2.5). Thus, we define continuation—passing style, backwards—moving
expectation transformers as follows:

DeriniTioN 4.5 (Expectation Transformers [Koz85; MMO05]):
For C € pGCL we define the following expectation transformers:

A

The weakest preexpectation transformer
wp[C]: E—-E

is defined according to the rules in Table 4.1.

The weakest liberal preexpectation transformer
wip [C]:  Eq - Eg

is defined according to the rules in Table 4.2.

. The angelic weakest preexpectation transformer

awp [C]: E-—>IE

is defined according to the rules obtained from Table 4.1 by re-
placing every occurrence of wp by awp and the min by a max.

The angelic weakest liberal preexpectation transformer
awlp [C]]:  [Eq — E

is defined according to the rules obtained from Table 4.2 by re-
placing every occurrence of wlp by awlp and the min by a max.
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C wp[Cl(f)

skip f

diverge 0

x:=E f[x/E]

Xixu Ao. Lals (/\v. f(cr[xl—m/]))dyg

Ci5C wp [C1] (wp [Ca] (f))
f(p){Citelse{Cy} [@]-wp[Ci](f) + [-@]-wp[Ca] (f)

(C1}O(Cy) min{wp [C1] (f), wp [C2] (f)}

{Ci} [PH G} p-wp[Ci] (f) + (1-p)-wp[C] (f)

while(¢){C’} Ifp X. [~@]-f + [@]-wp [C'] (X)

Table 4.1: The weakest preexpectation transformer.

B. For wp, we call the function
(O PrX) =[] f + []-wp [C](X)

the wp—characteristic function of while(@){C} with respect to
postexpectation f. We define the wlp-, awp , and awlp—character-
.. . wlip awp

istic functions @0 Ps (0,0)Pp and (@, c>q)f analogously. If either
of wp, wlp, awp, awlp, @, C, or f are clear from the context, we
omit them from O.

Notice that by the Kleene Fixed Point Theorem (Theorem A.5) we have

wp [while(@){C}] (f) = Fp , AP, = sup (0O PF(0),
ne

where (@ C>CDf denotes n-fold application of< C>CDf to its argument. The
analogous statement holds for awp. For wlp, since this is defined via a great-
est fixed point, we have a dual statement, namely
. _ wlp wlp
wip [while(@){C}] (f) = gfp (q),C)ch = 7}2}1{] (@ C><Df( ).
Analogous statements hold for the angelic expectation transformers.

An immediate corollary about preexpectations of loops which can be de-
rived by a close inspection of the characteristic function is the following:
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C wip[C] (f)

skip f

diverge 1

x:=E fx/E]

X x Ao. J;als (/\v. f(a[xn—n/]))dya
Ci5Cy wip [C1] (wip [C2] ()

if (p){Ci}else{Cy} [@]-wip [Ci](f) + [=@]-wip [Co] (f)
(C1}oi(G) min{wlp [C] (f), wip [C2] ()]
{Ci}pIHCa) p-wip[Ci] (f) + (1=p)-wip [Co] ()
while(¢){C’} gfp X. [~@l-f + []-wip [CT(X)

Table 4.2: The weakest liberal preexpectation transformer.

CoroLLARY 4.6 (Postexpectation Strengthening for Loops):
Let C € pGCL and T € {wp, wlp, awp, awlp}. Then

T [while(@){C} (f) = T [while(@){C} ([=¢]-f),
for an appropriate choice of f € E or f € E.; (depending on T ).

Proof. The T —characteristic function of while (¢ ){C} with respect to post-
expectation f is given by

AXo [=@]-f + [¢]- T [C] (X)
= AX. [=@]-[-@]-f + []- T [C](X),

which is the 7 —characteristic function with respect to [-¢]- f. Since the
characteristic functions coincide, so do their fixed points.

Intuitively, the above corollary can be interpreted as the fact that a loop can
only ever terminate in a state which satisfies the negation of the loop guard.

Notice that all rules for the anticipated value transformer in Table 2.3 are
also found in Table 4.1. For the weakest preexpectation transformer, we have
merely added rules for the probabilistic constructs. The conceptually easier
one, namely the rule for probabilistic choice, reads

wp [{Ci} PG (f) = p-wp [Ci] (f) + (1=p)-wp [Co] (f)

The intuition behind this definition is straightforward: Since we cannot sin-
gle out a value of f which is established by either C; or C,, we simply average
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these two values according to the probabilities with which C; and C, are ex-
ecuted, respectively, thus obtaining the expected value of f after executing C;
with probability p and C, with probability 1 —p.

The rule for random assignments is technically more involved and reads

wp [x == p] (f) = Ao. f (/\v. f(a[xl—m/]))dyg .

Vals

The mechanics of the right-hand-side are as follows: Instead of averaging
only over two options, we average now over updated versions of f according
to a probability distribution. In more detail, the right-hand-side takes as
input a state o and averages the values of f(o [x — v]) (i.e. f updated accord-
ing to assignment x := v), where the values v are distributed according to
probability distribution p,;.

ExamrpLE 4.7 (Reasoning about Expected Values):
Reconsider the program

{x :=x+5}[45]{x :=10} .

Suppose we want to know the expected value of x, i.e. the weakest preexpec-
tation of the above program with respect to postexpectation x. We will reuse
our annotation style from earlier (see Example 2.11), i.e.

/4

/¥4
C

i f

expresses the fact that g = wp [C] (f) and moreover that g’ = g. We can then
annotate the above program as shown in Figure 4.1 (read from bottom to top).
When executing the above program on initial state o, the expected value of
x is hence 4o(x)/5 + 6.

ExamrpLE 4.8 (Reasoning about Probabilities):

Reconsider the program from Example 4.7. Suppose we want to know the
probability that x has value 10 after execution of that program. Then we can
annotate this program as shown in Figure 4.2. When executing the above
program on initial state ¢ with o(x) = 5, then the probability that x equals
10is 45+ 1/5 = 1. Otherwise, it is 1/.
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] Z+6
]ﬂ%-(x+5)+%-10

[ x+5
x:=x+5
a7 =

) (451
Jj 10
x:=10
a7 =

}

/s

Figure 4.1: Weakest preexpectation annotations for Example 4.7.
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RN
8
JJ Ttrue]

J/ 110=10]
x:=10
Jl] [x =10]
}
/i [x =10]

Figure 4.2: Weakest preexpectation annotations for Example 4.8.
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ExamrpLE 4.9 (Weakest Liberal Preexpectations):
Reconsider the program

{diverge} [1/3]{x :=10} .

Suppose we want to know the probability that either the program termi-
nates in a state where x has value 10 after execution of that program or
the program diverges, i.e. the weakest liberal preexpectation of that program
with respect to postexpectation [x = 10]. Then we can annotate this program
as shown in Anticipated Values and Nontermination 4.9. The sought-after
probability is thus 1.

ExampLe 4.10 (Weakest Liberal Preexpectations of While Loops):
Reconsider the program

c:=1g
while(c=1){
{diverge} [I/2] {x :=x+1}3
{skip}[1/2] {c :=0}
}.
Suppose we want to reason about the weakest liberal preexpectation of event

»x is even”. The characteristic function of the loop with respect to postexpec-
tation [x even] is given by

O(X) = [c=1]-[xeven]

. [CZI]‘(%+X[x/x+1]+i([c,x/0,x+1])'

The first four iterations of the fixed point iteration for @ are:

O(1) = [c#1]-[xeven]+[c=1]

®3(1) = [c=1]-[xeven] + [Czl]_(%+ [x i&;en] . [x (:de])

®*(1) = [c#1]-[x even]
43 [xodd] [xeven] [xodd]
+[c:1]-(a+ 1 ' 16 T 2 )
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/s
] ‘5—1-1+%-1
{
M1
diverge
JJ [x =10]
4514
/R
Il Ttrue]
JJ 110 =10]
x:=10
J Tx=10]
}
Jl Tx=10]

Figure 4.3: Weakest liberal preexpectation annotations for Example 4.9.
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More detailed calculations are left as an exercise. After four iterations, we
can slowly start seeing a somewhat complicated pattern for n > 2:

®"(1) = [c=1]-[xeven]

_ 2"l 41 [x even] [x odd]
+ [c=1]:
[C ] + z+1 Z 421+1

We omit proving the above pattern correct. By taking the limit (i.e. n — w),
we see that the sought-after weakest liberal preexpectation converges to

wp [while(x>0){...}] (2)

= Ilfp®
= sup ®"(0) (by Theorem A.5)
nelN
= sup [c#1]-[x even]
nelN
n=2 n=3
¥ [e=1]- 2141 J} - J[xodd] +[ - J[xevem]
- 4n-1 42i+1 42(i+1)
i=0 i=0

[c#1]-[xeven] + [c=1]- (

2 4-[xodd] [xeven]
+ + .
3 15 15

For the whole program, we can finally make these annotations:

4 odd x even
ii [x | + [x = ]

c:=13%

[ [e=1]-[xeven] + [c=1]- (% —4[x1(5)dd]+—[xi\;n])
while(c=1){
{diverge} [I/2] {x :=x+ 1}
{skip}[l/2] {c :=0}
}
JJ] [x even]

We have thus proven

z N 4-[x odd] [x even]
3 15 15

wlp [...] ([x even]) =

This means that if we start the program in a state where x is odd, then there
is a probability of 2/3 + 4/15 = 14/15 that the program either not terminates or
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terminates in a state where x is even. If we start the program in a state where
x is even, this probability is 11/15. Notice in particular that 14/15+11/15 =5/3> 1.

4.1.4 Connection to Operational Semantics

Recall the characterizing equations of wp (Equation 4.2, p. 81), awp (Equa-
tion 4.3, p. 81), and wlp (Equation 4.4, p. 82). The next theorem states for-
mally that those expectation transformers actually satisfy those equations:

Tueorem 4.11 (Operational vs. Expectation Transformer Semantics):
Let CepGCL, f €E, and g € [E<;. Then:

A wp[C](f) = Ao. inf ;fd[[C]]f}

$€Scheds J

5. awp[Cl(f) = Ao sup | FdICIZ

s€Scheds JX

c¢. wip[Cl(f) = Ao. inf ;fd[[C]]g+(1_L1d[[C]]§)

$€Scheds J

p. awlp [C] (f) = Ao. sup ;fd[[C]]; + (1_L 1d[[C]]f})

$€Scheds J
Proof. By induction on the structure of C.

Theorem 4.11 establishes a connection between the expectation transformers
and the probability distribution over final states obtained by the operational
semantics [C]S under some scheduler (see Definition 3.8). A connection
between the distribution transformer semantics of Kozen [Koz79; Koz81]
and a Markov process semantics was shown earlier by Sharir, Pnueli, and
Hart [SPH84]. A formal connection between Markov chains and weakest
preexpectations with an emphasis on invariants was studied more recently
by Gretz, Katoen, and Mclver [GKM12; GKM14].

42 HEALTHINESS CONDITIONS

XPECTATION transformers enjoy several properties like continuity, mono-

tonicity, etc. In the literature, some of these properties are called health-
iness conditions [MMO05; Keil5; Hin+16] or homomorphism properties [BW98].
Informally speaking, healthiness conditions are a collection of properties
that characterize those backward-moving predicate (or expectation) trans-
formers that are the dual of a forward—-moving state (or distribution) trans-
former that arises from an actual (probabilistic) program.
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Many of the properties we present here will be used in our proofs. In their
own right, they aid in concrete reasoning about probabilistic programs, for
instance by forming a foundation for compositional reasoning.

4.2.1 Continuity

Continuity is perhaps one of the most fundamental properties that expec-
tation transformers enjoy because it ensures for instance well-definedness
of expectation transformer semantics of while loops. An expectation trans-
former 7 : [E — [E is continuous iff for any chain of expectations S = {s; <
51 <sp <...} CE we have

T (supS) = sup 7(S);

see Definition A.2 for more details. All expectation transformers we have
presented in this thesis are continuous:

Tueorem 4.12 (Continuity of Expectation Transformers):
Let C be a pGCL program. Then the associated expectation transformers
wp [C], wip [C], awp [C], and awlp [C] are continuous.

Proof. By induction on the structure of C.

The importance of continuity for well-defined semantics of loops can be
sketched as follows: For any loop-free program C, continuity of wp [C] en-
sures that the characteristic function of the loop while(¢){C} (that has C as
its loop body) is also continuous. This ensures by the Kleene fixed point the-
orem (Theorem A.5) that the characteristic function has a least fixed point,
which in turn ensures that wp [while (¢ ){C}] is well-defined. The fact that
the transformer wp [while(¢@){C}] itself is also continuous ensures well-
defined expectation transformer semantics of nested loops.

4.2.2 Strictness

Strictness is a healthiness condition that Dijkstra calls , Law of the Excluded
Miracle” [Dij75]. For his weakest precondition calculus, this law states that
there exists no initial state from which the execution of a program C can ter-
minate in a state satisfying the predicate false. In terms of wp, this law reads

wp [C] (false) = false.

For weakest liberal preconditions a dual law (that we call costrictness) would
state that for all initial states the execution of a program C either terminates
(in some state state satisfying true) or does not terminate. In terms of wlp,
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this can be expressed as
wlp [C] (true) = true.

In our quantitative setting, strictness and costrictness are defined as follows:

DEerintTION 4.13 (Strictness and Costrictness):
Let C € pGCL and let T : E — E be an expectation transformer. Then:

A. T is called strict, iff

7(0) = 0.

B. 7 is called costrict, iff

T(1) =1.

Analogously to Dijkstra’s predicate transformers, liberal expectation trans-
formers are costrict and their nonliberal versions are strict:

Tueorem 4.14 (Strictness of Expectation Transformers):
Let C € pGCL. Then:

A. wp [C] and awp [C] are strict.

8. wlp [C] and awlp [C] are costrict.*

Proof. Strictness of wp and awp follows from feasibility of wp and awp, re-

spectively; see Section 4.2.3.

The quantitative version of strictness tells us that the expected value of the
constantly 0 random variable after executing a program C is 0. Alterna-
tively stated: the probability that C terminates in a state satisfying false
is 0. Costrictness tells us that the probability to either terminate or not is 1.

4.2.3 Feasibility

The property that Mclver & Morgan call feasibility states that preexpectations
cannot become ,,too large“ [MMO5]. The notion of feasibility makes sense for
bounded expectations f € E.g;, only. Formally, it is stated as follows:

Tueorem 4.15 (Feasibility of Expectation Transformers®):
Let C € pGCL. Moreover, let f € [E<3;, be an expectation bounded by
beRyg,ie. f<b. Then

wp[C](f) = b and awp[C](f) < D.

4 For costrictness of wlp, see [MMO5, Fact B.3.4 on p. 331].
5 See [MMO5, Lemma 5.6.4 and p. 228].
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Feasibility of wp implies its strictness and can thus be seen as a quantitative
generalization of strictness. To see that feasibility implies strictness observe
that 0 is a 0O-bounded expectation and feasibility of wp states that

wp [C](0) < O,

which implies wp [C] (0) = 0 by expectations being non-negative. An analo-
gous argument applies to awp.

4.2.4 Monotonicity

The distinct feature of everything extant is its monotony.

— Vladimir Nabokov

Monotonicity is another fundamental property of expectation transformers.
According to Back and von Wright, monotonicity is , the only healthiness cri-
teria [sic] that has gone unquestioned” [BW89]. An expectation transformer
7 is monotonic iff for any two expectations f, g € [E, we have that

f < ¢ implies T(f) < 7(g);
see Definition A.3 for more details. All expectation transformers we have

presented so far are monotonic:

Tueorem 4.16 (Monotonicity of Expectation Transformers):
Let C € pGCL. Then the associated expectation transformers wp [C],
wlp [C], awp [C], and awlp [C] are monotonic. Furthermore, all wp-,
wlp—, awp—, and awlp—characteristic functions are monotonic.

Proof. Every continuous function is monotonic, see Theorem A.4.

Monotonicity is not just a healthiness condition but plays an important role
in reasoning about programs. In the following we present two implications
of the monotonicity property.

Compositionality. Monotonicity is useful for compositional reasoning in
the following sense: Imagine two programs C; and C, and a postexpecta-
tion f such that

wp [Ci] (f) = wp[C] (f) .

Then monotonicity ensures that if we put the components C; and C, into
some context C3 , then we can be certain that

wp [C3 Ci] (f) <= wp[C5Ca] (),

since wp [C3 C;] (f) =wp [C] (wp [Ci] (), for i € {1, 2).
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Relation to the consequence rule. Monotonicity is closely related to the

consequence rule of Hoare logic. This rule reads

G =G (G"YC(F") FF = F
(G)C(F)

(cons)

It weakens precondition G to G’ and strengthens postcondition F to F’ in
order to prove validity of (G) C (F) by proving validity of (G") C (F’).

The analogy to weakest preexpectation reasoning is as follows: In order to
prove g <wp [C] (f) it suffices to

1. choose ¢" > g,
2. choose f’ < f,and
3. prove ¢’ <wp [C] (f),

since this gives

g§=¢ (by 1. above)
< wp[C](f) (by 3. above)
< wp[C](f), (by 2. above and monotonicity, Theorem 4.16)

which in turn implies g < wp [C] (f). The “consequence rule of weakest precon-
dition reasoning” thus reads

g<g  g=wp[C](f) f'=f
g <wp [C] (f)

(wp—cons)

4.2.5 Linearity

Linearity of expectation transformers plays a prominent role in the develop-
ment of McIver & Morgan as they show that superlinearity® alone already
characterizes their wp and thus implies monotonicity, strictness, continuity,
and so on. However, as mentioned before, McIver & Morgan heavily rely
on the fact that their expectations are bounded (see Definition 4.1 B.). For
showing that superlinearity implies continuity they even need to restrict to
a finite state space X [MMO5, p. 148].

While this allows Mclver & Morgan to nicely characterize all ,healthy”
expectation transformers by means of just a single healthiness condition, we
cannot make the restriction of boundedness and do not wish to restrict to
a finite state space. Another point is that we make use of the angelic awp

Note that Mclver & Morgan use the term sublinear for superlinear transformers [MMO05].
However, the super—/sub-nomenclature we use here is more in accordance with the stan-
dard mathematics terminology [Wikk; KM17].
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transformer which is sub- instead of superlinear and while we saw that awp
is monotonic, this fact does not follow from sublinearity.

Since our setting differs from that of Mclver & Morgan, we will conduct
our own linearity studies here. Linearity is made up of two properties: ho-
mogeneity and additivity. We study the former first:

DerintTion 4.17 (Positive Homogeneity):

Let f € E, r € Ryg, and let 7: IE — [E be an expectation transformer.
Then 7 is called positively homogeneous” iff

We consider positive homogeneity (i.e. our scaling factor r is positive) instead
of general homogeneity since we need to stay within the realm of expecta-
tions which are non-negative. Both nonliberal expectation transformers we
have presented are positively homogeneous:

Tueorem 4.18 (Positive Homogeneity of Expectation Transformers):
For any C € pGCL, wp [C] and awp [C] are positively homogeneous.

Proof. By induction on the structure of C.

Positive homogeneity of wp implies its strictness by the following reasoning:

wp [C] (0)

wp [C] (2-0)
= 2-wp[C] (0) (by positive homogeneity, Theorem 4.18)

which implies that wp [C] (0) = 0. The proof for awp is analogous.

Positive homogeneity and monotonicity together also suffice to prove for
expectation transformers Markov’s well-known inequality:

Tueorem 4.19 (Markov’s Inequality):
Let C e pGCL, f € E, and a € Rsq with a> 0. Then:

~ wplc]((f za) = "PLAV)
b awp [C] ([f 2a)) = 2PLAY)

7 This property is called “scaling" by McIver and Morgan [MMO05].
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Proof. For A., consider the following:

a-[fza] < f

implies  wp [C] (a-[f > a)) < wp [C] (/)
(by monotonicity, Theorem 4.16)

implies a-wp [C] ([f > a]) < wp [C] (/)
(by positive homogeneity, Theorem 4.18)

it wp[C] ([f za)) < PRI (by a>0)

The proof for awp is analogous.

wlp and awlp are not positively homogenous as the following example shows:
wlp [diverge] (% : 0) =1> 1 = 1. wip[diverge] (0)

Neither wlp nor awlp satisfy Markov’s inequality.
In order to study linearity, we now study additivity of our expectation
transformers. Together with homogeneity this yields the notion of linearity.

DeriniTiON 4.20 (Linearity of Expectation Transformers):
Letf,g€E,r€Rsg,and7T: E — [E be an expectation transformer. Then:

a. T is called sublinear® iff
T(r-f+8) =r-T(f)+T(g).
B. 7 is called superlinear iff
rT()+T(Q) =T(r-f+g).
c. T is called linear iff
T(r-f+8) =r-T(f)+T(g).
All our expectation transformers satisfy one of the above notions of linearity:

Tueorem 4.21 (Linearity of Expectation Transformers®):
Let C € pGCL. Then:

A. wp [C] is superlinear.!?

B. awp [C] is sublinear.

8 Recall Footnote 6 on page 95.
9 See [Koz83; MMO5].
10 Recall Footnote 6 on page 95.
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Suppose moreover that C is tame. Then angelic and demonic expecta-
tion transformers coincide, and

c. wp [C] and awp [C] are linear.

p. wlp [C] and awlp [C] are superlinear.

Proof. As for a. and B., the proof is by induction on the structure of C.

As for c., linearity of wlp follows from the fact that wp and awp obviously
coincide on tame programs. But since wp is superlinear and awp is sublinear,
wp and awp have to be linear.

As for p., superlinearity of wlp follows from the connection of wlp and wp

(see Corollary 4.26) as discussed in Section 4.3.

Superlinearity of wp implies monotonicity of wp by the following reasoning:
Let f and g be two expectations such that f < g. Then there exists an expec-
tation € € [E such that g = f + €. By superlinearity of wp we then have

wp [C] (f) < wp [C] (f)+wp [C] (e)
<wp[C](f+e) (by superlinearity, Theorem 4.21 a.)
= wp [C] (g)

The above reasoning fails for awp as it is sublinear instead of superlinear and
the inequality is hence in the wrong direction. Still, awp is monotonic.
A useful corollary for expectation subtraction is the following:

CoroLrrary 4.22 (Linearity and Subtractions):
Let C € pGCL and let f,g € [E such that f < g, thus g—f is a well-defined
(non-negative) expectation. Then:

A wp[Cl(g-f) = wp[C[(g)— wp[C](f)
8. awp [C] (g—f) = awp [C] (g) —awp [C] (f).
Suppose moreover that C is tame. Then:

c. wp [C] = awp [C] and wp [C] (g~ f) = wp [C] (g)—wp [C] (f)-

v

Proof. For wp consider the following:

wp [Cl(g=f) = wp[C] (g=f)+wp [C] (f)—wp [C] (f)

wp [Cl (g = f+f)-wp [C] (/)
(by superlinearity, Theorem 4.21 a.)

wp [C] (g)—wp [C] (f)

The reasoning for awp and for the case of tame programs is analogous.

IA
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Thus, we see that for subtractions wp behaves sublinearly instead of super-
linearly whereas awp behaves superlinearly instead of sublinearly.

We can make use of Corollary 4.22 to show that — in addition to mono-
tonicity — superlinearity of wp also implies feasibility of wp: For showing
this, let f € [E<q; be an expectation bounded by b € R5(. Then f < b and

0

IA

wp [C] (b f) = wp[C] (b)—wp [C] (f)
(by Corollary 4.22 a.)

implies 0 < wp [C] (b)—wp [C] (f)
implies  wp [C] (f) < wp [C] (b)

IA

Again, the above reasoning fails for awp as awp is sublinear instead of super-
linear and the inequality is therefore in the wrong direction. Nevertheless,
awp is feasible.

43 RELATING EXPECTATION TRANSFORMERS

HE definitions of the different expectation transformers we studied in this
Tchapter are quite similar and it is not surprising that the transformers are
closely related. The most elementary and most obvious relationship between
angelic (awp and awlp) and demonic preexpectations (wp and wlp) is that
demonic preexpectations are never greater than angelic preexpectations:

CoroLLARY 4.23 (Angelic Bound Demonic Preexpectations):
Let CepGCL, f €E, and g€ E.;. Then

IA

A. wp [C] (f) awp [C] (f), and

B. wip [C] (§) < awlp [C] (g).

The most elementary relationship between liberal (wlp and awlp) and nonlib-
eral preexpectations (wp and awp) is that weakest preexpectations are never
greater than weakest liberal preexpectations:

CoroLLArY 4.24 (Liberal Bound Nonliberal Preexpectations):
Let C e pGCL and f € E<y. Then

A wp[Cl(f) < wip[C](f), and

B. awp [C] (f) =< awlp [C] (f).

IA

Proof. Follows immediately from the fact that nonliberal preexpectations
are defined as a least fixed point whereas liberal preexpectations are defined

as a greatest fixed point.
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Intuitively, we can understand Corollary 4.24 as the fact that a program is
more likely to be partially correct as it is likely to be totally correct.

In addition to the above, we can make a more precise statement relating
liberal and nonliberal preexpectations. In there, some care regarding non-
determinism must be taken — liberal transformers become nonliberal and
angelic ones become demonic; and vice versa:

Tueorem 4.25 (Relationship between Expectation Transformers):
Let C € pGCL be tame and let f € E<;. Then

A wp[C](f) = 1-awlp [C] (1-f)
B. awp [C](f) = 1- wlp [C](1-f)
c. wip[C](f) = 1-awp[C](1-f)
p. awlp [C] (f) = 1—- wp[C](1-f)

Proof. For proving a., consider the following:
1—awlp [C] (1 f)
= 1-Xo. sup f 1-fd[C]; + 1—j 1d[C[;
$€Scheds JX z
(by Theorem 4.11 p.)

=1-Ao. sup le[{Cﬂg—Lfd[[C]]i + 1—L 1d[C];

s€Scheds
(by linearity of I)
= 0-Ao. sup —J- fd[Cl:
s€Scheds b
= Ao. inf a[c]?
“ 5€§31eds L f [[ ]]a
= wp [C] (f) (by Theorem 4.11 a.)
The proofs for B., c., and p. are analogous.

Let us gain some intuition on the above by considering Theorem 4.25 a. and
choosing as postexpectation a predicate [¢]. Then we get

wp [C] ([¢]) = 1-awlp [C[ (1 -[¢]) = 1-awlp [C] ([~¢]) .

wp [C] ([@]) tries to minimize the probability of C terminating in a state
satisfying ¢. How can wp achieve that? It can either drive C towards di-
verging or terminating but satisfying —¢, i.e. the opposite of ¢. So wp will
maximize the probability of either of these two events. But this is precisely
what awlp [C] ([-¢]) does.
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For tame programs, the angelic and demonic transformers coincide and
the nonliberal transformers are linear. We hence get from linearity (Theo-
rem 4.21 c.) and Theorem 4.25 c. the following corollary:

CoroLrrary 4.26 ([Koz83]):
Let C € pGCL be tame and let f € E<y. Then

wip [C] (f) = wp [C] (f)+1-wp[C] (1)

Thus, wlp [C] (f) is expressible as the sum of wp [C] (f) and the probability
that C does not terminate, i.e. 1 —wp [C] (1). This connection between wp
and wlp allows us to study linearity of wlp: We have

wip [C] (r- f +¢)
=1-wp[C](1)+wp[C](r-f+g) (by Corollary 4.26)

1-wp [C] (1) +7-wp [C] (f)+wp [C] (g)
(by linearity, Theorem 4.21 c.)

N

r-wp [C] (f) +wp [C] (g)

for any tame C € pGCL, f,g € E<y, and r € Ry, such that r- f + g € E.;. Thus,
wlp is in general not linear for tame programs but superlinear instead.

An even closer connection between wp [C] and wlp [C] can be established
in case that C terminates almost-surely. We first note that

wp [C] (1)

is an expectation, such that wp [C] (1) (o) gives the (minimal) probability that
C terminates on input o. Dually, awp [C] (1) (o) gives the maximal probability
of C terminating on o.

Yet dually,

awlp [C] (0)

is an expectation such that awlp [C] (0) (o) gives the maximal probability
that C diverges on o, whereas wlp [C] (0) (o) gives the minimal probability
of C terminating on o.

If we know a predicate T, such that C terminates almost-surely (i.e. with
probability 1) from every initial state satisfying T, we can express this by

(T] < wp[C] (1) .

In fact, if we know such a predicate T, we can , sandwich” weakest preexpec-
tations by means of weakest liberal preexpectations:

Tueorem 4.27 ((Non)liberal Preexpectations under Termination):
Let C € pGCL, let f € E<4, let T be a predicate, and let C terminate from
any state satisfying T, i.e. let [T] <wp [C] (1). Then
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A [TI-wip[Cl(f) = wp[Cl(f) < wip[C](f), and
5. [T]-awlp [C] (f) < awp [C] (f) < awlp [C] ()

IA

Proof. For A., consider the following: Let f © g be defined as max{f —g, 0}
and consider the following:

(wip [CT (f)+wp [C] (1))o1 < wp[C]((f+1)o1)
(by [MMO5, Fact B.3.2 on p.331])

implies ([T]-wip [C] (f)+[T]-wp [C] (1))e[T] < wp[C] (f +1)&1)
(Multiply left-hand side by [T])
implies ([T]-wip [C] (f)+[T]-[T])e[T] = wp[C]((f+1)e1)
(by assumption [T] <wp [C] (1))
iff ([T]-wip [C] (F)+[T])e[T] = wp[C]((f+1)o1)
ifft [T]-wlp[C](f) =< wp[C](f)

For B., we exploit Theorem 4.27 A. and Theorem 4.25 a. and B. as follows:

awp [C] (f)
=1-wlp[C](1-f) (by Theorem 4.25 8.)

[T]-[T]-wlp [C] (1 - )

\%

> [T)-(1=[T]-wlp [C] (1 - £)

> [T]- (1 —wp [C] (1 —f)) (by assumption and Theorem 4.27 a.)
= [T]- (1 —(1 —awlp [C] (1-(1 —f)))) (by Theorem 4.25 a.)
= [T]-awip [C] (f)

In the case of universally almost—surely terminating programs (i.e. programs
that terminate almost-surely on every input), we even get that liberal and
nonliberal expectation transformers coincide entirely, which implies that
(on E.q) least and greatest fixed points coincide:

COROLLARY 4.28:
Let C € pGCL, let f € [E<y, and let C terminate universally almost-surely,
ie. letwp [C] (1) =1. Then

A wip[CI(f) = wp[C](f), and
5. awlp [C] (f) = awp [C] ()

Proof. For a., we have by Corollary 4.24 that wp [C] (f) < wlp [C] (f). It
is left to show that wlp [C] (f) < wp [C] (f) holds which is an immediate
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consequence from Theorem 4.27 a. by choosing T = true. The proof for the

angelic transformers is analogous.

We will see later in Chapter 5 that Theorem 4.27 and Corollary 4.28 have
important consequences for reasoning about loops, as they makes reasoning
about lower bounds of expected values considerably easier. Reasoning about
the precondition of Corollary 4.28 however, namely almost-sure termina-
tion, is often difficult, as we will discuss in Chapter 6.
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